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Abstract

I present a growth model where small differences in the initial levels of

human capital can produce long delays in the dates in which countries undergo

their industrial revolution; these, in turn, can lead to huge differences in income

across countries in the medium run. Countries in the model start in a stage

with no growth followed by a "take off" and a growth stage. The moment at

which a country enters its growth stage depends on its initial level of human

capital. Countries with high human capital start to grow sooner.
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1. Introduction

From the year 1000 to the year 1820 the average yearly growth rate of GDP per

capita for the world was a little over 0.05%. The wealthiest country was less than 4

times richer than the poorest one. In the 19th century the world economic outlook

changed drastically. Great Britain, the US and other western economies grew at an

average rate of 1.7% per year in per capita terms. This growth was not common over

the world which only grew at 1.2% over the same period and wide regions of the globe

still live in the same conditions that they did 200 year ago. The richest economies are

now over 60 times wealthier than the poorest ones. The increased disparity of incomes

is evident in Figure 1 which plots the evolution of the log-standard deviation of world

GDP per capita. Up to the late 1970’s inequality was increasing which suggested that

there was no convergence between the poor and the rich, but things have changed in

the second half of the 20th century. The Southern European economies started to

grow rapidly and closed most of the gap with their rich neighbors. This phenomenon

was not restricted to western countries and the most amazing cases of rapid growth

happened in the other side of the globe, starting with Japan which was followed by

Hong Kong, South Korea, Thailand and Malaysia in the 60’s. In the late 70’s (after

a couple of failed attempts) China became the newest and perhaps, because of the

number of people involved, most important member of the growth miracles.

Parente and Prescott (1994) noticed that the time that it takes a country to double

its income from 2000 to 4000 dollars (1990 US$) has been decreasing over time. The

first countries to reach the 2000 mark spent over 40 years to double their income.

The growth miracles in the postwar period did the same but in 20 years or less.

Lucas (1993) describes a model with human capital accumulation that generates this

behavior. Countries experience and external effect in the human capital accumulation
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function. This spillover implies that, as the average human capital in the world

increases, countries become more productive in the production of human capital.

Still Lucas (1993) does not explain why some countries do not seem to be affected by

the external effect and remain stagnant while others grow. Tamura (1996) offers an

explanation and presents a model that generates a transition from an economy with

no growth to a growing economy. Like in Lucas (1993) there is an external effect in

the human capital accumulation function, but this external effect is effective once the

economy has reached a critical level of human capital. He also introduces fertility in

the model and a quantity-quality trade-off that parents face when they make their

fertility and investment decisions. These two modifications generate a stage in which

countries with low human capital will choose not to invest. Hence inequality can be

increasing as countries with high human capital grow while others remain stagnant.

I present a model that generates the different stages and in which the country’s

human capital is the key factor that determines in which stage the country is in. The

different stages are not generated by fertility and child investment decisions like in

Tamura. Instead I incorporate a two technology economy. The first technology does

not use human capital while the second technology does. When the country’s human

capital is low it only use the first technology and it does not grow. If the human

capital is high then the second technology is used and human capital is accumulated

which generates growth. To generate the Parente and Prescott result I also include

an external effect in the human capital accumulation function. I assume that the

external effect is given by the human capital of the most advanced economy in the

world which I refer to as the leader. As the leader accumulates human capital the

rest of the world becomes more productive in the human capital producing sector.

Two countries with the same human capital but in different moments in time have

different growth patterns as noted by Parente and Prescott. The externality also

makes countries that were not growing in the past want to start accumulating human
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capital and grow. Countries with higher human capital start to grow first.

If we imagine that the world is populated by many economies that behave like in my

model, then initially there is a stage in which the is no convergence.The leader grows

at a constant rate while the rest of the world stands still. As time goes by, countries

will start to enter the growth stage. The convergence result from the neoclassical

growth model applies to the countries in the growth stage but it does not apply

to the rest. This generates a "convergence club" type of behavior. Once enough

countries have entered the growth stage inequality starts to decrease.

Figure 1 shows the log-standard deviation of GDP per capita for the world1. In-

equality kept increasing even after the most European countries and the East Asian

economies experienced rapid growth in the post war period. This is because most of

the world population is not in those countries. Only after China and India started

to grow in the late 70’s inequality decreased. This does not imply that inequality

will continue to decrease. As the developing economies continue to catch up, they

are moving away from the non growing economies. If most of the China’s catch up is

completed before Africa starts to grow inequality is likely to start growing again.

From simulations of my model, I find that differences in the initial levels of human

capital between 25 and 50% can generate a delays in industrialization that range from

100 to 200 years. These long delays can generate huge differences in income like those

that we observe in the data.

Human capital is not the only factor that can keep a country from industrialization.

Parente and Prescott (2003) present a model in which differences in total factor

productivity (TFP) play the role of my differences in human capital. Countries do

not use the modern sector because for some reason it is not as productive as in

1The data is from A. Madisson Historical Statistics. Each country is weighted by population.

Since each individual within the country is assumed to be identical this estimate is only a lower

bound.

4



0.0

0.2

0.4

0.6

0.8

1.0

1.2

1820 1840 1860 1880 1900 1920 1940 1960 1980 2000Year

Fig. 1. Log-standard deviation of GDP per capita.

other economies. Increasing TFP in the modern sector will cause the country to

industrialize and experience rapid growth.

In the following sections I describe the problem of the typical economy which I

call the follower and solve for the optimal path. Then I present simulations that are

helpful to illustrate the results followed by a section with the empirical results.
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2. The Follower

Each country in my model is formed by a representative agent. Economies are

closed and there is no movement of goods or factors. The only interaction across

countries in my model comes in the form of an externality in the human capital

accumulation function.

At each moment in time the representative agent in a follower economy can produce

an homogeneous non storable consumption good or accumulate human capital. There

are two technologies available for the production of the consumption good. The first

technology represents a traditional agricultural sector and it only employs labor. The

second technology represents a modern industrial sector and it employs both human

and capital labor. Other factors of production like physical capital and land are

omitted to focus on the role of human capital. Total output from the economy, y (t),

is the sum of the output from each sector

y (t) = A1l1 (t) +A2h (t) l2 (t) ,

where Ai is a constant that measures TFP in sector i, li is the amount of labor in

sector i and h is the stock of human capital.

Only one sector will operate at each moment in time because both sectors are linear

in labor. Including some concavity in the first sector will keep some resources in it,

but if h is increasing over time the share of time devoted to sector one will decrease.

For a given stock of human capital h (t) and a total amount of labor l (t) final output

is

y (t) = max [A1, A2h (t)] l (t) .

Human capital accumulation uses time and depends on the current level of human

capital and positive external effect that represents a knowledge spillover. I assume

that this external effect is given by the human capital of the most advanced economy
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in the world as in Tamura (2005). Lucas (1993) and Tamura (1996) use the average

human capital in the world. Using the average human capital instead of the highest

human makes the model much harder to solve since the evolution of the external

effect has to be solved for jointly with the optimal path for each country. The law of

motion for human capital h (t) is

ḣ (t) = δh (t)1−θ η (t)θ u (t) ,

where η is the human capital of the leader and u is the amount of time that the agent

devotes to human capital accumulation. The parameter θ > 0 measures the degree

of the external effect and δ is a parameter that affects the productivity of human

capital accumulation. Agents do not value leisure and are endowed with one unit of

time each period. The time constraint is

l (t) + u (t) = 1.

I assume that the human capital of the leader grows at a constant rate γ > 0. In

the appendix I show how γ can be endogenously determined if the leader is another

economy that solves the same problem as any other follower2. The law of motion for

the leader’s human capital is then given by

η̇ (t) = γη (t) .

The agent’s problem is

max
u

Z ∞

0

e−ρt
(max [A1, A2h (t)] (1− u (t)))1−σ

1− σ
dt

subject to

ḣ (t) = δh (t)1−θ η (t)θ u (t)

2In this case γ = δ−ρ
θ+σ . These parameters are for the leader and might be different than those of

the follower.
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Fig. 2. Follower’s state space.

and

η̇ (t) = γη (t) ,

given h (0) and η (0).

To analyze this problem I will separate the state space into two relevant zones and

discuss the optimal behavior of the follower in each one. Figure 2 divides the (η, h)

space into different regions. The regions above the 45◦ line is not relevant because in

the follower has more human capital than the leader. Below the 45◦ line there is a

region in which the leader does not have enough human capital (η < A1/A2) to use

the modern technology. I discuss what happens in this region in the Appendix, but

from now on I assume that the leader has enough human capital to be in the growth

stage which is consistent with the assumption that η grows at a constant rate. This

leaves only two regions below the 45◦ line. The first one is when h < A1/A2 and the
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second one is when h ≥ A1/A2.

If h < A1/A2 the follower uses the traditional or agricultural technology. Even

though human capital is not productive in that sector the follower can choose to

accumulate it and eventually switch technologies. If h ≥ A1/A2 the follower will use

the modern technology and will choose to accumulate human capital. Since once

this stage is reached there is no going back to the agricultural technology I begin

by analyzing this stage and then ask if a country that does not have the necessary

human capital will ever choose to accumulate enough to reach it.

2.1. The Modern Economy

I begin by solving the problem of the follower once it has entered its growth stage.

If A1 ≤ A2h (t) then the agent will only use the modern technology .The production

function becomes linear in h and the state space can be simplified from (η, h) to the

the variable x which is the ratio of h to η.

Proposition 1 If h (0) ≥ A1/A2 the relevant state variable is the ratio of the human

capital of the follower to the leader’s

x (t) =
h (t)

η (t)
,

and the agent’s problem can be written as

max
u

Z ∞

0

e−[ρ−(1−σ)γ]t
[A2x (t) (1− u (t))]1−σ

1− σ
,

subject to

ẋ (t) = δx (t)1−θ u (t)− γx (t) ,

0 ≤ u (t) ≤ 1,

and

x (0) = x0.
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The proof is just algebra and is left for the appendix. The agent’s problem is

well behaved and under the assumptions that γ > 0 and ρ − γ (1− σ) > 0 the

solution will be interior. The assumption that γ > 0 guarantees that u (t) > 0. The

assumption that ρ−γ (1− σ) > 0 guarantees that a solution exists and that u (t) < 1.

Additionally I assume that δ ≤ ρ+γ (θ + σ) so that the follower’s human capital will

not exceed the leader’s. This implies that the steady state value x∗ is less than or

equal to 1. If the previous assumptions are satisfied then the sufficient conditions for

an optimum are

A1−σ2 (1− u)−σ = φδxσ−θ, (1)

φ̇ = (ρ+ σγ)φ− φδ (1− θu)x−θ, (2)

ẋ = δx1−θu− γx, (3)

and the transversality condition

lim
t→∞

e−[ρ−(1−σ)γ]tφ (t)x (t) = 0,

where φ is the co-state associated with the law of motion for human capital of the

current value Hamiltonian representation of the maximization problem.

From equations (1)-(3) I obtain the differential equation for u that the optimal

path must satisfy

u̇ =

£
ρ+ θγ − δ (1− σu)x−θ

¤
(1− u)

σ
. (4)

The steady state for the system formed by equations (3) and (4) is

u∗ =
γ

ρ+ γ (θ + σ)
,

and

x∗ =

µ
δ

ρ+ γ (θ + σ)

¶ 1
θ

.

Figure 3 shows the phase diagram with the curves along which ẋ and u̇ are equal

to zero. The arrows point the direction in which a trajectory moves for the different
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Fig. 3. Phase diagram for the modern economy (h ≥ A1/A2) .

regions delimited by the ẋ and u̇ equal zero curves. The optimal solution is to choose

the initial value of u that sets the trajectory on the saddle path that takes the economy

to the steady state. Paths that start above the saddle path end up violating the

transversality condition. Paths that start below the saddle path imply that the agent

would choose to eat all of the capital (this in fact is not possible because of the

non negativity constraint on u), these paths are not optimal because they imply a

discontinuity in the value of the co-state.

Along the saddle path, if x is below its steady state value then u is above u∗.As the

system evolves x increases and u decreases. This implies that, conditional on being

on the growth stage, followers that have low human capital invest more than those

with high human capital.
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The growth rate for output along the optimal path is given by

ẏ

y
=

δ

σ
x−θ − ρ+ θγ

σ
, (5)

which is decreasing in x. This gives two results. One is the traditional convergence

result. Holding η constant, increasing h (and x) lowers the country’s growth rate. The

second is the Parente and Prescot result. Holding h constant, increasing η (lowering

x) increases the countries growth rate.

2.2. The Traditional Economy

If h (t) < A1/A2then the agent uses the agricultural sector only and has the choice

to invest in human capital so in the future she can use the second technology. The

necessary optimality conditions are

−A1−σ1 (1− u)−σ + λδh1−θηθ ≤ 0, (6)

with equality if u > 0, and

λ̇ = ρλ− λδ (1− θ)h−θηθu, (7)

where λ3 is the co-state associated with the law of motion for human capital. Keep

in mind that if the agent chooses to accumulate human capital above the level A1/A2

then the system changes to the one described in the previous subsection4. The

transversality condition is

lim
t→∞

e−ρtλ (t)h (t) = 0.

3The co-state from the traditional economy is related to the co-state from the modern economy

according to λ = φη−σ.
4When the human capital reaches A1/A2 the value of the co-state cannot jump. This implies

that the path for u will not jump but it will not be differentiable at that point since u̇ will go from

positive to negative.
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Since the production function is convex in h the problem will not be well behaved

and there might be many solutions that satisfy the first order and transversality

conditions which are not optimal5. One possible solution is a path with no human

capital accumulation, that is u (t) = 0 for all t. In this case the agent chooses not

to accumulate human capital and since human capital will never be used its shadow

value is zero, that is λ (t) = 0 for all t. This solution satisfies the first order conditions

and transversality condition.

Proposition 2 If h (0) < A1/A2 the path with u (t) = λ (t) = 0 for all t satisfies the

necessary conditions for a maximum but it is not optimal.

The solution with u (t) = λ (t) = 0 for all t turns out not to be optimal since

the cost of the transition to the modern economy goes to 0 as η goes to infinity and

the utility of being in the growth stage is strictly higher than the utility of having

h < A1/A2. The optimal path must then be one with human capital accumulation.

Proposition 3 If h (0) < A1/A2 the optimal solution is a weakly increasing path for

u.

Once the agent chooses a positive value for u then equation (6) holds with equality

and the evolution for u is given by

u̇ =
(ρ+ θγ) (1− u)

σ
, (8)

which is positive for all u ∈ [0, 1). This implies that once the follower chooses to

start accumulating human capital she continues to do. This does not imply that u is

always positive and increasing. It is possible that u is equal to zero for some time and

5For a general discussion of growth models with convex-concave problems see Skiba (1978). Buera

(2003) presents an application. The key assumption that simplifies the analysis in my model is that

the capital stock does not depreciate and investment cannot be negative.
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then becomes positive. This is the case for followers that start with a sufficiently low

level of h. To see why, just imagine running the differential equation (8) backwards

in time. Notice that when u = 0 then u̇ = (ρ+ θγ) /σ > 0. So u cannot converge

asymptotically to 0 when the differential equation is ran backwards in time. When

u is equal to zero equation (6) stops holding with equality and the non negativity

constraint for u binds.

Proposition 4 The optimal path is unique.

Having discarded the path with no human capital accumulation it only remains

to check that there is only one path with human capital accumulation that satisfies

the necessary conditions for a maximum. Satisfying the transversality condition for

a follower that has h < A1/A2 can be viewed as having a continuous path for u

that, at the exact time in which h = A1/A2, sets the follower on the saddle path

from the modern economy. In principle there could be more than one of these paths.

Fortunately it is not the case. To see why imagine that there are two followers with

the same human capital that choose different solutions, call them S1 and S2. Suppose

that S2 implies that the follower will start to accumulate human capital sooner. The

law of motion for u and the fact that each investment made is associated with a lower

value of h and η implies that S2 has a longer transition period. Still the growth

stage is reached before than in S1. Let ui and xi be the values for u and x at the

exact moment in which h = A1/A2 along the path i = 1, 2. Since S2 implies a longer

transition which culminates before the transition from S1 the following must be true,

u1 < u2 and x1 < x2. Since the saddle path of the growth stage is decreasing then

both S1 and S2 cannot be making a continuous transition to the modern economy

and one of them is not optimal. The final step is to merge both stages to obtain the

full dynamics.

2.3. Full Dynamics
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Fig. 4. Transtional Dynamics in the (η, h) space.

Now I can characterize the optimal path for an economy that starts with a value for

h much lower than A1/A2. As shown in Figures 4 and 5, initially the agent does not

accumulate human capital and uses the traditional technology. While in this stage the

economy does not grow. Eventually η will reach a level that will make the agent want

to invest in human capital. During the transition stage the agent will accumulates

human capital and the and the fraction of time dedicated to human capital accumu-

lation increase smoothly from zero to a value that is greater than the long run value

u∗. This overshooting happens because in the modern economy the fraction of time

u will converge from above to its steady state value and the continuity of the path

for u. The intuition is that, while in the transition stage, the follower becomes more

productive in the accumulation of human capital and the cost remains the same be-

cause productivity in the traditional sector is constant, so the return to human capital
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accumulation increases. Eventually the stock of human capital reaches the necessary

level to make the switch to the modern technology. From this point forward, the

agent use the modern technology and the time she dedicates to the accumulation of

human capital decreases and converges to u∗. Once the transition is completed the

agent keeps getting more productive at the accumulation of human capital but the

cost is increasing now because she is also getting better at producing the consumption

good. This effect dominates and the return to human capital accumulation decreases

and so does the investment rate.

During the transition stage output is decreasing over time as agents spend less

time working and more time accumulating human capital which does not increase

the productivity in the traditional sector. In general, we do not observe such fall

in measured GDP, this could be due to the fact that GDP includes investments in
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human capital that are carried through the market sector like purchases of books

and other materials, salaries for teachers and investments in infrastructure. It may

also be the case that resources that are devoted to human capital accumulation are

shifted from other activities that are not accounted for in GDP like informal sectors,

the household sector and leisure time.

Suppose now that there are two followers that only differ on their initial level of

human capital. My model predicts that the economy with the highest initial level

of human capital will start to grow first. The proof is very simple, imagine that the

economy with lower human capital reaches the cut-off level of human capital A1/A2

first. Then at some point the human capital of both followers must have been equal.

If different paths were followed then one of the two was not optimizing.

In the next section I present the simulations for three economies, the leader and

two followers, to illustrate the points made about the behavior of the followers. Also I

show that the model can generate long delays in industrialization coupled with rapid

growth and convergence once the economy industrializes.

3. Simulations

Table I shows the parameter values I used to calibrate the model. The long run

growth rate γ is set to match the U.S. growth rate in the 1820-2001 period. I can

normalize A1 and A2 to 1 by changing the units in which output and human capital

are measured.

The parameter θ, which measures the degree of the external effect in the human

capital accumulation function, is chosen to generate the high growth rates observed

by the East Asian economies in the 1960’s, with the following experiment. Imagine

that at time 0 the leader starts to use the modern technology, that is η (0) = 1, from

then on the leader grows at the constant rate γ. In this world, a follower that starts

to use the modern technology 160 years later will double its income in approximately
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20 years. This is consistent with the US experiencing its industrial revolution around

the 1800’s and the growth miracles in the 1960’s. The values for the discount rate, ρ,

and the inverse of the intertemporal elasticity of substitution, σ, are commonly used

in the growth literature. I chose the value for δ so that x∗ is equal to 1.

ρ σ γ A1 A2 θ δ

0.04 2 0.017 1 1 0.2 0.077

Table 1: Parameter values.

I simulated the paths for two followers that only differ on their initial level of human

capital, one starts with 66% of the leader’s human capital in t = 0, and the other

starts with 73%. In Figure 6 we can see that initially the followers do not invest in

human capital an hence they do not grow (as seen in Figure 9). After some time,
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the follower with high human capital starts to invest and its human capital begins to

grow as shown if Figure 7. At this point the follower’s output starts to fall because

resources are being shifted from goods production to human capital accumulation, as

seen in Figure 8.

Eventually the follower with high human capital will start using the modern tech-

nology and growing. The experience of the follower with low initial human capital

is very similar to its high human capital counterpart. As previously discussed the

follower with low human capital will enter the growth stage later on and it will expe-

rience higher growth rates which imply that it will take her less time to develop.

Figure 10 shows the simulated delays in industrialization as a function of the initial

human capital of the follower. The delay is measured as the year in which the follower
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enters the growth stage after normalizing the year 0 to the year in which the leader had

human capital equal toA1/A2 and was just starting to use the modern technology. For

example a country that initially had 75% of the leader’s human capital will experience

its industrial revolution 100 years later. While a country with a human capital equal

to 50% of the leader’s human capital will experience its industrial revolution over 200

years after the leader did. These results are sensitive to the choice of parameters,

higher values of θ and δ, and lower values of σ and ρ will shorten the differences in

industrialization.

Figure 11 shows the time it takes a follower to double its income from A1 to 2A1

once it has entered the growth stage. As previously mentioned, countries that start

to grow later on, do what their predecessors did in a shorter period of time. This is
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due to the external effect that makes human capital accumulation more productive

as time goes by.

Finally I compute the log standard deviation of output in a world formed by the

three economies shown in Figures 6 to 9. The time series is shown in Figure 11. In

general there is a stage in which the income distribution is widening but in the long

run, as more and more followers enter the growth stage it narrows. In the medium

run there can be periods of decreasing inequality followed by periods of increasing

inequality. As one follower starts to grow it is catching up with the leaders and

inequality decreases. Once it has converged inequality might again increase as the

growing group drifts away from the stagnant economies. The particular pattern will

depend on the distribution of human capital and the relative sizes of the countries.
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Fig. 10. Industrialization Delays.

The decrease in inequality that the world experienced after the 80’s was mainly caused

by the rapid growth observed in China and to a lower extent in India6. If Africa does

not start to grow before China has completed most of its catch up then the income

distribution is likely to start widening again.

4. Empirical Evidence

As in the neoclassical growth model followers have higher rates of return to invest-

ment. In my model the return is not higher because the marginal product of human

6If I compute the log-standard deviation under the counterfactual that China and India keep their

GDP per capita at the level of 1975 then the income distribution keeps widening at the same rate

as in the previous years. If instead I assume that they grow at 2% per year then the log-standard

deviation becomes almost constant.
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capital is higher, but because the price is lower. Still this implies that developing

economies tend to a have higher investment rate, that is higher u, than the leader.

Higher investment rates in physical capital are not surprising when considering the

evidence from the East Asian economies. Mankiw, Romer and Weil (1992) use sec-

ondary enrolment rates (defined over the working age population) to proxy for the

investment rate in human capital In their sample there are only two countries, Barba-

dos and Bahrain, which have a higher investment rate than the US (which is generally

taken to be the leader). They also recognize that this measure does not account for

differences in the opportunity cost of students and other inputs like teachers and

book.

Instead of literally interpreting u as the fraction of time spent or population in
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Fig. 12. Parente and Prescott’s result.

school I will take it to be the fraction of full income that is devoted to human capital

accumulation. Using data on average wages by level of education, number of students

and teachers I compute an estimate of the investment rate in human capital through

formal education for the US and South Korea. The estimate is computed as follows

û =

P
j

¡
wS
j Sj + wT

j Tj
¢

GDP +
P

j w
S
j Sj

,

where Sj and Tj are the number of students and teachers respectively in schooling

level j. The opportunity cost of students is wS
j , and wT

j is the wage received by

teachers. I consider four schooling level, kindergarten, primary, secondary and higher

education. I assign an opportunity cost of 0 to kindergarten and primary students.

The opportunity cost for a secondary student is the wage for a high school drop out,

and the opportunity cost for higher education students is the wage for high school
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Fig. 13. Estimated investment rates in human capital (formal education only).

graduate. I assume that the wage rate for kindergarten and primary and secondary

teachers is the wage rate of a person with some college or a junior college degree. The

wage for higher education teachers is the wage rate for a college graduate. I tried

different specifications for the wages of teachers and they all yield the same shapes

of the curves, only the levels are somewhat affected. In the denominator I add the

opportunity cost of students to GDP to compute a measure of full income, teacher

wages are not added because they are already counted in GDP.

Figure 13 plots the evolution of my estimates for the investment rate for the US

and Korea from the year 1975 to 2000. Even though the shapes of the curves are not

exactly what my model predicts, flat for the US and inverted U shaped for Korea,

we can see that the investment rate for Korea starts below its US counterpart and

eventually surpasses it. This is consistent with the idea that returns to investment in
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human capital are higher for the followers than for the leader.

This estimate is far from being perfect. It only considers one form of human capital

accumulation, schooling, and does not take into account time and other resources that

parents devote to increase their children’s human capital. Also, it does not include on

the job training, which, by looking at age earnings profiles, we think is an important

source of human capital. Another problem is that the opportunity cost for students is

measured as the average wage for someone who has attained a lower level of education.

There are many reasons discussed in the labor literature on why this may not be the

right measure of the opportunity cost. Never the less if the bias works in the same

direction both in the US and Korea then this may be a good approximation.

The theory also predicts that countries can be separated into two groups, those

that are in the growth stage and those that are not. Countries in the growth stage

should exhibit a negative relationship between their growth rate and their output as

described by equation (5). Countries in the second group in mymodel are not growing,

so there should be no relationship between their growth rate and their output level.

A stylized econometric model that captures these ideas is described next Let gi be

the growth rate of country i. If the human capital of the country is above the cut off

level, that is hi ≥ h̄ then

gi = α0 + α1 ln yi + ε1i, (9)

where yi is the GDP per worker of the country relative to the leader. This equation

can be obtained by taking a log linear approximation around the steady state. If

there is convergence as predicted by the model then α1 < 0.

If hi < h̄ then the country is not in the growth stage and, according to the model,

the growth rate should be 0. This is a very strong prediction of the model. I can

modify the model to include some growth even when the economy is only using the

traditional sector. The easiest way is to add some exogenous TFP growth in that

sector. Another way is to assume that human capital is also a factor in the traditional
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production function

y1 = A1h
βl1,

with 0 < β < 1. Now countries with very low human capital might want to accumulate

it even if they do not have access to the second technology. Hence I will assume that

the growth rate when hi < h̄ is given by

gi = α2 + α3 ln yi + ε2i. (10)

Since we do not observe hi or a variable that indicates wether hi ≥ h̄ or not,

then it is not possible to estimate the α’s running two separated OLS regressions.

Also pooling both groups on a single OLS regression will at best identify an average

convergence parameter that is likely to be lower than α1. Suppose that there is a set

of variables z that are correlated with h such that7

hi = α4 + α5zi + ε3i. (11)

Further more, assume that conditional on y and z the error terms are distributed

according to ⎡⎢⎢⎢⎣
ε1i

ε1i

ε1i

⎤⎥⎥⎥⎦ v N

⎛⎜⎜⎜⎝0,
⎡⎢⎢⎢⎣

σ21 0 0

0 σ22 0

0 0 σ23

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠ .

Given this I construct the probability of observing gi conditional on ln yi and zi as

Pr (gi| ln yi, zi) = Pr (ε1i = gi − α0 − α1 ln yi) Pr
¡
ε3i ≥ h̄− α4 − α5zi

¢
+Pr (ε2i = gi − α2 − α3 ln yi) Pr

¡
ε3i < h̄− α4 − α5zi

¢
.

Using maximum likelihood I estimate all the parameters from the statistical model

subject to the normalization that σ23 = 1.

7This is the strategy followed, for example, in models of labor supply where the econometrician

does not observe the reservation wage. See Heckman (1974)
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The growth rate g is the average growth rate in GDP per worker for the 1960 to

1999 period, computed from the Penn World Tables. The US is taken to be the

leader, so y is the GDP per worker relative to the US in the year 1960. The variables

related to human capital are taken from the Barro and Lee data set on educational

attainment. Years of education are clearly related to human capital as they measure

the investments made in the past. Still they do not capture differences in the quality

of education that reflect differences in the initial human capital or in other inputs like

books. To control for these differences I include other variables that might be affected

by human capital like life expectancy, fertility. Only countries that had population

over 1 million in 1960 are included in the sample. After this selection and deleting

countries with missing values the sample consists of the 67 countries shown in Table

A1.

Figure 14 plots the growth rate for each country in the sample against its GDP per

worker. Instead of using points for each observation I use a bubble. The size of the

bubble is proportional to the estimated probability that the country is in the growth

stage. White bubbles represent countries that have an estimated probability of 50%

or more of being in the growth stage. Countries with probability between 5 and 50%

are colored grey and the rest are shown in black. Some of the black bubbles were

artificially enlarged so that they would show up in the plot. The upper dashed line

represented the expected growth rate conditional on being on the convergence club,

while the lower dashed line is the expected growth rate conditional on not being in

the convergence club. The estimation clearly identifies a convergence club formed

by the US, Japan, and the Western Europe economies. Among the countries with

low income in the 60’s that fall in the convergence club we can find Ireland, Japan,

Portugal and Spain. The estimation also gives a very high probability of being on the

convergence club to Argentina and Uruguay, because of their relatively high schooling,

life expectancy and low fertility. Honk Kong has a relatively high probability of being
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Fig. 14. Estimation Results

in the growth stage (over 40%). Looking at this figure we can also see that Korea

and Thailand get a relatively low probability. This is because they were very similar

in 1960 to other countries like Sri Lanka, Panama, Jamaica Brazil and Chile that did

not experienced sustained rapid growth over the sample period.

Table 3 shows the point estimates for the parameters in equations (9)− (11). The

estimated coefficient on output for the countries in the growth stage is −0.022. This

implies that a country that in 1960 had a relative GDP per worker of 10% of the US

29



and was in the growth stage should have closed 78% of the gap by the year 2000. This

amounts to a relative GDP per worker of 70%. The point estimates of the coefficients

on equation (11), which estimates the unobserved stock of human capital, have the

expected sign. Countries in the growth stage have higher years of schooling and life

expectancy, and lower fertility which are all associated with higher human capital

levels. The coefficient on ln y in equation (10) is much lower, −0.004, meaning that

countries that have low human capital do not seem to be converging as fast as those

with high human capital.

Growth Stage

Constant ln y σ1

0.013 −0.022 0.004

No Growth Stage

Constant ln y σ2

0.007 −0.004 0.013

Human Capital Equation

Years of education Inverse of Life Expectancy Fertility Rate

0.34 −0.74 −0.69

Table 3: Point Estimates.

The difference between this approach and the traditional way to estimate the con-

vergence parameter is that in the Barro type regressions the convergence parameter is

assumed to be the same across countries. Other variables are included in the regres-

sion to control for differences in the steady states. On my approach I propose that

there are two groups that have different convergence parameters, with one of them

actually being zero. Estimating the coefficient assuming that it is common when it

really is not will tend to identify an average effect. For example, running an OLS
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regression on the same sample (including schooling, life expectancy and fertility as

controls) estimates a convergence parameter of −0.013. If I divide the sample into

two groups according to the estimated probability of being on the convergence club,

the OLS coefficient is −0.026 for the subset of countries that have a probability higher

than 50% and −0.010 for the rest. This disparity across subsets suggests that the

effect is not uniform across the sample.

There are two important things that this model cannot explain that should be

noted. First It cannot explain the behavior of countries that are not in the growth

stage. This group exhibits a lot of variation in GDP levels but what is more surprising

is the huge variance in the growth rates even when they are averaged over a period

of forty years. This is not a minor detail since 2/3 of the sample is formed by those

economies, and that fraction is probably even higher if the countries that were omitted

due to missing values were considered too. The second fact that this model cannot

explain has to do with the time series implications for the economies that are in the

convergence club (in fact the same is true for the rest of the economies). The model

predicts that the growth rate of such economies should be decreasing monotonically

to its long run level. But in the data it is not so easy to see such behavior, since there

is too much volatility in growth rates even when ten year periods are considered. In

the next section, I present possible extensions to the model to address these and other

problems.

5. Model Extensions and Modifications

The first extension would be to include physical capital; the modern sector would

then look like Caballe and Santos (1993) but with the addition of the external effect.

This externality would be enough to introduce convergence into their model in which

all countries converge to a common ratio of human capital to physical capital but not

in levels.
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One of the assumptions of the model is that all the population is able to accumulate

human capital equally. This need not be the case. For example only certain age groups

might be able to accumulate human capital through formal education. Others might

only be able to accumulate human capital through on the job training. But the

productivity of on the job training might not be uniform across sectors, and might

also depend on the human capital acquired through formal education. If only workers

with formal education can accumulate human capital while on the job and that formal

education can only be obtained while young will then the amount of human capital

that an economy with no educated workers will be able to accumulate in the short

run is very limited. If this is the case, the return to human capital accumulation

needs to be much higher at low levels of income to be able to have an effect that

produces growth rates of 5% or more in the economy as a whole. Increasing the

external effect in the human capital accumulation function or making skilled workers

highly complementary with unskilled are two possibilities.

Exploring these alternatives is very interesting but including heterogeneity in the

model makes the problem much more complicated since the distribution of ages and

human capital across agents is likely to be a state variable of the problem which is

troublesome when the main interest of the model is in the transitional dynamics and

not in the steady state. On the other hand this type of model would have a much

richer set of variables that can be closely matched to the data like enrolment rates,

shares in sectors and wage differentials. Also transitions would be smoother with

growth rates that do not exhibit a bang-bang behavior.

6. Concluding Remarks

I presented a model that can generate a stage with no growth and a growth stage as

parts of one process. A country’s human capital determines what stage it is in. Low

human capital countries are in the no growth stage and high human capital are in the
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growth stage. A knowledge spillover from the most advance economy in the world

pulls countries with low human capital into a path with human capital accumulation

and growth. Pre-industrial economies might have different stocks of human capital

which do not translate into differences in output because human capital is not a factor

in their traditional production function. An initial difference in human capital of 25%

with respect to the leader is enough to generate a delay in industrialization of 100

years.

I estimated the investment rate in human capital (through formal education) for

Korea and the US. I find that Korea has a higher investment rate. These estimates

are not the ideal ones. More and better data is needed to construct good estimates

that can be used to compare across countries and over time. Even if investment rates

through formal education could be estimated accurately they still leave out invest-

ments that are carried away directly by the parents and most importantly investments

that take the form of on the job training.

Also I present an alternative way to estimate regressions of growth rates on income.

My model generates a "convergence club" behavior. Countries in the growth stage or

the convergence club exhibit the traditional convergence results from the neoclassical

growth model while the rest do not. In my model human capital is what determines

to which group the country belongs. So instead of including variables to control for

the steady state level of income, like it is usually done in the literature, I use variables

that I think are related to human capital to control for what stage the country is in.

The results show that the convergence parameter (conditional on being on the growth

stage) estimated using this method is higher than the one estimated with an OLS

regression when the same variables are used. The econometric model I used is not

derived directly from the model and part of the future work is to explicitly incorporate

uncertainty and heterogeneity across countries.
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Appendix A

Proposition 1 If h (0) ≥ A1/A2 the relevant state variable is the ratio of the human

capital of the follower to the leader’s

x (t) =
h (t)

η (t)
,

and the agent’s problem can be written as

max
u

Z ∞

0

e−[ρ−(1−σ)γ]t
[A2x (t) (1− u (t))]1−σ

1− σ
,

subject to

ẋ (t) = δx (t)1−θ u (t)− γx (t) ,

0 ≤ u (t) ≤ 1,

and

x (0) = x0.

Proof. Since human capital does not depreciate and only the second technology will

be used I can disregard the traditional sector. In this case the utility of the follower

is Z ∞

0

e−ρt
[A2h (t) (1− u (t))]1−σ

1− σ
dt

=

Z ∞

0

e−ρt
η (t)1−σ

h
A2

h(t)
η(t)
(1− u (t))

i1−σ
1− σ

dt

=

Z ∞

0

e−ρt
η (0) eγ(1−σ)t

h
A2

h(t)
η(t)
(1− u (t))

i1−σ
1− σ

dt

= η (0)1−σ
Z ∞

0

e−[ρ−γ(1−σ)]t
[A2x (t) (1− u (t))]1−σ

1− σ
dt.
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The law of motion for x (t) is given by

ẋ

x
=

ḣ

h
− η̇

η

= δh−θηθu− γ

= δx−θu− γ,

so

ẋ (t) = δx (t)1−θ u (t)− γx (t)

Proposition 2 If h (0) < A1/A2 the path with u (t) = λ (t) = 0 for all t satisfies the

necessary conditions for a maximum but it is not optimal.

Proof. The utility of following the path with u (t) = 0 for all t is

U0 =

Z ∞

0

e−ρt
A1−σ1

1− σ
dt.

Next lets compute the utility of an alternative plan which consists to have u (t) =

ū > 0 and work in the traditional sector until h (t) = 2A1/A2. After this u (t) = 0

and the agent works in the modern sector. The utility of this suboptimal plan is

U1 =

Z T1

0

e−ρt
[A1 (1− ū)]1−σ

1− σ
dt+

Z ∞

T1

e−ρt
(2A1)

1−σ

1− σ
dt

where T1 is the time that the agent accumulates human capital. As the leader’s

human capital increases the time need to accumulate human required level of human

capital decreases and T1 goes to zero, so

lim
η0→∞

U1 =

Z ∞

0

e−ρt
(2A1)

1−σ

1− σ
dt >

Z ∞

0

e−ρt
A1−σ1

1− σ
dt = U0.

Thus the path with u (t) = 0 for all t is not optimal.

Proposition 3 If h (0) < A1/A2 the optimal solution is a weakly increasing path for

u.
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Proof. Since u (t) = 0 for all t is not optimal then at some point u must be positive.

Once the agent chooses a positive value for u then equation (??) holds with equality

and the evolution for u is given by

u̇ =
(ρ+ θγ) (1− u)

σ
, (1)

which is positive for all u ∈ [0, 1). Hence u is either 0 or positive and increasing.

Proposition 4 The optimal path is unique.

Proof. Suppose there are two followers with the same human capital that choose

different solutions, call them S1 and S2. Suppose that S2 implies that the follower

will start to accumulate human capital sooner. The law of motion for u and the fact

that each investment made is associated with a lower value of h and η implies that

S2 has a longer transition period. Still the growth stage is reached before than in S1.

Let ui and xi be the values for u and x at the exact moment in which h = A1/A2

along the path i = 1, 2. Since S2 implies a longer transition which culminates before

the transition from S1 the following must be true, u1 < u2 and x1 < x2. since the

saddle path of the growth stage is decreasing then both S1 and S2 cannot be making

a continuous transition to the modern economy and one of them is not optimal. Note

that in general the control does not have to follow a continuous path but in this

case since it is linked to the co-state by equations (1) and (6) it must also follow a

continuous path.
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Appendix B

In this appendix I describe the behavior of the leader assuming that it is just like

any other follower. The next propositon deals with the behavior of the leader once it

has accumulated enough human capital to use the modern technology.

Proposition 5 If (1− σ) δ < ρ < δ and η (0) ≥ A1/A2 then the leader uses the

human capital intensive sector and grows at a constant rate γ = δ−ρ
θ+σ
.

Proof. Replace η = h in the first order conditions and disregard the non negativity

constraint to obtain

A1−σ2 η−σ (1− u)−σ = λδ, (A1)

λ̇ = ρλ−A1−σ2 η−σ (1− u)1−σ − λδ (1− θ)u. (A2)

η̇ = δηu (A3)

Substitute equation (A1) in equation (A2) to obtain the evolution of the co-state

λ̇

λ
= ρ− δ + δθu. (A4)

Take log derivatives with respect to time in equation (A1) and substitute in equa-

tions (A3) and (A4)

u̇ =
[ρ− δ + δ (θ + σ)u] (1− u)

σ
. (A5)

The balanced growth path solution for u is

u∗ =
δ − ρ

(θ + σ) δ
,

which implies a growth rate

γ =
δ − ρ

θ + σ
.

As in an AK model de leader will always be in the balanced growth path, that is there

are no transitional dynamics once the growth stage starts. Paths that start with a

4



value for u higher than u∗ will violate the transversality condition. Since they imply

that u will converge to one and asymptotically λ will grow at the rate ρ − δ + δθ

while h grows at the rate δ, so e−ρtλ (t) η (t) will grow at the rate δθ ≥ 0. Paths with

an initial u below u∗ will set the leader on a path that leads to no human capital

accumulation. But paths with u (t) = 0 are not an equilibrium. To see this just look

at the solution for the follower when γ = 0. In this case x∗ is greater than 1 which

implies that the representative agent from the leader would still choose to accumulate

some human capital even if she thought that the rest of the economy would not.

When when η < A1/A2 the leader first order conditions after accounting for the

fact that η = h are described by the following equations

−A1−σ1 (1− u)−σ + λδη ≤ 0,

with equality if u > 0, and

λ̇ = ρλ− λδ (1− θ)u.

Now the convexity in the production function becomes a real problem. Like in the

follower’s problem there will be more than one path that satisfies the first order and

transversality conditions and I cannot use the same optimality arguments as before

to discard some of them.

First let me show that there are one or two continuous paths that satisfy the first

order conditions and transversality depending on the initial level of η. The first one

always exists and has u (t) = λ (t) = 0 for all t ≥ 0. Call the associated utility of

following such path U0

The second one, which may or may not exist, has as a terminal condition the

restriction that u = δ−ρ
(θ+σ)δ

when η = A1/A2. This again is to have a continuous

transition to the growth stage. Using that terminal condition and the law of motion

for u when u > 0

u̇ =
(ρ+ δθu) (1− u)

σ

5



I can solve the system backwards in time. Notice that u̇ > 0 so this implies that in

finite time the trajectory will reach u = 0. Call the level of η at that moment η̄. To the

left of η̄ there are no trajectories with u > 0 that satisfy the the necessary condition

for a maximum so u (t) = λ (t) = 0 for all t is the only solution and equilibrium when

η < η̄.

When η ≥ η̄ I cannot choose one of the two paths by arguing that it yields a greater

utility to the agent. To discard a path I have to show that the representative agent

would choose to deviate when he takes the evolution of the external effect as given.

My guess is that for values higher than, but close, to η̄ the agent would choose not to

invest if she thought that η would be constant. On the contrary if η is close enough to

A1/A2 then she would choose to invest independently of the path for the externality.
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Data Appendix.
The data for GDP per worker and population is taken from Alan Heston, Robert

Summers and Bettina Aten, Penn World Table Version 6.1, Center for International

Comparisons at the University of Pennsylvania (CICUP), October 2002. Fertility, life

expectancy at birth, and average years of education are taken from Barro-Lee Data

Set, International Measures of Schooling Years and Schooling Quality.

Countries with population less than one million in 1960 are droped. After ac-

counting for missing values the sample consists of 67 countries. Table A1 shows the

data.
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Country Average Years 
of Education

Fertility Rate Life Expectancy Relative GDP 
per Worker

Growth Rate 
(1960 - 1999)

Argentina 5.0 3.1 65.2 0.62 0.9
Australia 8.9 3.5 70.7 0.87 1.7
Austria 3.7 2.7 68.8 0.50 3.0
Bangladesh 0.8 7.0 43.6 0.10 1.9
Belgium 7.4 2.6 69.7 0.67 2.6
Bolivia 3.1 6.7 42.8 0.22 0.0
Brazil 2.6 6.2 54.9 0.24 2.4
Canada 8.1 3.8 71.1 0.92 1.5
Chile 5.0 5.3 57.3 0.39 1.9
Colombia 2.7 6.7 53.2 0.27 0.9
Costa Rica 3.5 7.0 61.9 0.37 0.7
Denmark 9.4 2.5 72.2 0.79 1.8
Dominican Republic 2.4 7.4 52.2 0.19 2.5
Ecuador 3.0 6.9 53.4 0.20 1.5
El Salvador 1.7 6.8 50.8 0.33 0.8
Finland 7.4 2.7 68.5 0.54 2.7
France 4.1 2.7 70.4 0.60 2.5
Ghana 0.7 6.9 45.2 0.07 0.7
Greece 4.4 2.3 68.8 0.34 3.1
Guatemala 1.2 6.9 45.9 0.25 1.5
Honduras 1.7 7.3 46.8 0.18 0.5
Hong Kong 5.2 5.1 66.0 0.19 5.6
India 1.4 6.6 42.5 0.06 3.0
Indonesia 1.1 5.4 41.5 0.08 3.4
Ireland 6.4 3.8 69.7 0.43 4.0
Israel 6.8 3.9 71.7 0.51 2.6
Italy 4.6 2.4 69.4 0.55 3.0
Jamaica 2.5 5.3 63.0 0.22 0.2
Japan 6.7 2.0 67.7 0.25 4.2
Jordan 1.4 7.8 47.2 0.29 1.6
Kenya 1.2 7.9 45.0 0.06 0.9
Korea, Republic of 3.2 5.6 54.2 0.15 5.4
Malawi 1.6 7.8 37.9 0.03 2.1
Malaysia 2.3 6.8 54.3 0.20 3.8

Table A1: Data for 1960.
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Country Average Years 
of Education

Fertility Rate Life Expectancy Relative GDP 
per Worker

Growth Rate 
(1960 - 1999)

Mexico 2.4 6.8 57.3 0.44 1.4
Mozambique 0.4 6.9 35.2 0.09 -0.6
Nepal 0.1 5.8 38.5 0.05 2.0
Netherlands 5.4 3.1 73.3 0.86 1.7
New Zealand 9.6 4.0 71.0 1.02 0.6
Nicaragua 2.1 7.3 47.3 0.30 -1.5
Niger 0.8 6.8 35.4 0.09 -1.1
Norway 5.6 2.9 73.4 0.69 2.4
Pakistan 0.6 6.9 43.3 0.07 3.2
Panama 4.3 5.9 60.9 0.23 2.1
Papua New Guinea 1.4 6.3 41.0 0.13 1.1
Paraguay 3.4 6.8 63.9 0.24 1.1
Peru 3.0 6.9 48.0 0.33 0.0
Philippines 3.8 7.0 53.1 0.17 1.1
Portugal 1.9 3.0 63.7 0.29 3.5
Senegal 1.5 6.4 39.6 0.12 -0.3
South Africa 4.1 6.5 49.2 0.47 1.1
Spain 3.4 2.9 68.9 0.40 3.3
Sri Lanka 3.4 5.3 62.3 0.11 2.2
Sweden 7.6 2.2 73.2 0.77 1.7
Switzerland 6.9 2.3 71.3 1.06 0.9
Syria 1.0 7.3 50.0 0.17 2.9
Tanzania 1.3 6.5 40.6 0.02 0.9
Thailand 3.5 6.4 52.7 0.07 4.5
Togo 0.2 6.5 39.5 0.06 0.4
Turkey 1.9 6.3 50.5 0.17 2.6
Uganda 1.2 6.9 43.2 0.04 1.4
United Kingdom 7.7 2.7 70.8 0.69 1.9
United States 8.7 3.7 69.8 1.00 1.9
Uruguay 4.3 2.9 67.3 0.48 1.0
Venezuela 2.5 6.5 59.8 0.83 -0.9
Zambia 1.6 6.6 41.8 0.11 -0.7
Zimbabwe 1.7 8.0 45.5 0.09 1.7

Table A1 (continued)
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