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Abstract

In this paper we develop a labour market model where both components
of worker flows, namely job flows and replacement are addressed and related
to each other. At micro level, firms decide simultaneously about job creation
and workers replacement. The main features of the model are incomplete in-
formation about workers productivity and search frictions. Combining these
two stochastic dimensions allows to rationalize some facts on firm dynamics,
which is not addressed by models using just one of the features mentioned
above. As a result we have an integrated framework on labour market which
delivers predictions on firm dynamics and unemployment dynamics, com-
patible with each other. This makes the model an useful device to evaluate
implications of policy shocks on several dimensions of the labor market.
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1 Introduction

One stylised fact about employment dynamics is that both components,

workers replacement and job flows (job creation and job destruction), amounts

to significative numbers. This is shown in empirical papers pointing that job

flows reach high magnitudes and are substantially outnumbered by worker

flows. For instance Davis and Haltiwanger (1999)1 report job flow rates be-

tween 15% and 24% and its relative share in worker flow rates between 41%

and 56% for annual data of three developed countries2.

Nevertheless, replacement and job flows have their theoretical founda-

tions analysed in distinct frameworks. Some industrial organization models

analysing firm dynamics rationalise determinants of job flows non related

to business cycles (Jovanovic (1982), Lambson (1991), Ericson and Pakes

(1995)). In these models, replacement is not considered at all. In another

strand of the literature, labour economists use turnover models to rationalise

the replacement of workers in a fixed amount of jobs (Jovanovic (1979),

Greenwald (1986), Gibbons and Katz (1991)).

The first contribution of this paper is to build a theoretical framework

to analyse employment dynamics where both components, job flows and re-

placement, are simultaneously addressed. To do this, the driving forces of the

two frameworks and their compatibility to each other were checked, allowing

for the integration into a single framework.

The driving force of firm dynamics models is a random component of

firm’s productivity (efficiency), which is eventually learnt. In the most suc-

cessful framework to explain job flows, the active exploration model devel-

oped by Ericson and Pakes (1995)3, this component can be affected by firm’s

action. This framework is also recognised to match several facts in other

dimensions of firm dynamics, such as productivity and industry concentra-

tion4. This success can be credited to the relevance of the model driving

1Table 9.
2See similar numbers in Hamermesh et al. (1996), Davis and Haltiwanger (1998), Albaek

and Sorensen (1998), Abowd et al. (1999), Burgess et al. (2000).
3See the reasons for this claim in Davis and Haltiwanger (1992) and Davis and Halti-

wanger (1999).
4See Bartelsman and Doms (2000) and Caves (1998) respectively.
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force.

The driving force of turnover models is the randomness of worker’s pro-

ductivity when (s)he starts a new employment relationship. This uncertainty

is eventually vanished for her(his) current employer. Therefore, these models

address the main stylised fact for replacement, which is its negative hazard

rate. Other facts on worker dynamics are also predicted by these models,

such as the positive correlation between tenure and wages. Once again we

take this success as a sign of the relevance of the model driving force.

It is the intended contribution of this paper to highlight that these driving

forces can be integrated into a single mechanism of employment dynamics

analysis. This is done through attaching the firms’ productivity to the qual-

ity of their matches. The latter is assumed to be a non-observable variable,

a priori, but shall eventually be learnt by the firm, which might then try to

change it by replacing some workers. In doing so, a particular formulation for

a turnover model is developed, fitting within the active exploration frame-

work. Therefore, our turnover model inherits the successful predictions on

job flows and other dimensions of firm dynamics from the active exploration

model.

Our particular formulation adds search friction on top of the information

problem faced by the firms concerning the quality of matches. This con-

nects our model to matching models of unemployment, which address some

predictions to unemployment level and its components. We follow Bertola

and Caballero (1994), Bertola and Garibaldi (2001) and Garibaldi (2006),

who model firm decisions on its labour force size in the context of matching

unemployment models. Our contribution to this literature is to show that

the introduction of the simplest form of match heterogeneity generates new

predictions for unemployment dynamics.

Hence, the final contribution of this paper is to build a labour mar-

ket model which is able to consistently predict the effects of policy shocks

on several dimensions, such as unemployment flows, unemployment level,

unemployment composition, firms’ size distribution and firms’ productivity

distribution. This provides valuable information for the welfare analysis of

alternative policy experiments. For example, altering firing costs, social con-
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tributions or minimum wage will potentially affect all the above mentioned

dimensions.

It is worth mentioning that Moscarini (2005) and Burgess and Turon

(2005) followed a similar strategy, combining turnover models with matching

models of unemployment. However, as firm size is fixed to one job position,

their models are silent on what concerns firm dynamics. Moreover replace-

ment is not considered in the first paper while in the second it is motivated

exclusively by quits, as opposed to our framework where it is decided by the

firms.

In what concerns the interaction between firms strategic decisions and

employment dynamics, Morita (2006) is the most connected paper among

some few papers that address this issue. However his focus is on training

decision.

The remaining of the paper is outlined as follows:

The next two sections describe the benchmark framework; first we intro-

duce the model set-up and then we analyse the equilibrium. Section four is

devoted to discussing the model predictions and the final section summarises

the main contributions.

2 Model assumptions and overview

2.1 Timing and information assumptions

• Timing

Time is discrete and has two distinct periods, t ∈ {1, 2}, only. Agents’

discount rate is 1/(1 + r). Decisions are made only at the beginning of

each time period. Any new information becomes available at the end

of the first period.

• Match quality

There are two types of worker x firm matches defined according to the

productivity level: high (+) and low (-).
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• Learning

Any new worker x firm combination has, a priori, the probability s of

attaining the higher level of productivity.

The actual quality level of the match is revealed to the current employer

at the end of the first period.

2.2 Labour supply

• Workers population

Fixed population denoted by L.

• Search activity

Only unemployed workers search jobs (no on-the-job search).

• Workers decision process

In case an offer is made, (s)he decides whether to accept it or not. The

worker may either be employed earning wage w or unemployed earning

benefits b.

2.3 Labour demand

• Firm’s population

During each of the periods, N homogeneous firms are candidates to

producing the same good. Throughout t1, firms may be hit, with ex-

ogenous probability (µ), by a negative productivity shock, forcing them

to leave the market at the end of this period. Start-up firms in the sec-

ond period keep the population unchanged.

• Production technology

Homogeneous technology, based solely on the employment level of each

type of match5.

f(`+
t , `−t ) = `+

t + θ · `−t
5The following properties for technology apply: i)constant marginal productivity for

both types of workers (1 for high type and θ for low type) and ii) constant returns to scale.
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• Parameters restrictions

We assume the following ordination for some parameters and product

price (pt).

1 > θ and pt · θ > b

2.4 Match technology

• Firm’s search activity

Firms post vacancies and set wages on the spot market

• Vacancy cost in the job creation process

A vacancy cost is paid when vacancies are posted. The vacancy cost

in new jobs is a quadratic function (in convex shape) of the number of

vacancies (cjc(vt)).

• Vacancy cost in the replacement process

Previously filled vacancies (part of a replacement process) have linear

discount (c) relative to vacancies in new jobs. This is equivalent to:

crep(vt) = cjc(vt)− c · vt.

• Match probability

The probability of a firm filling `t of its vt open vacancies is independent

of the number of posted vacancies. An aggregate matching function

M(U b
t , Vt) with constant returns to scale is the key determinant of this

probability, which is represented by ϑt = M(U b
t , Vt)/Vt = M(U b

t /Vt).

The inputs correspond to the total number of job seeking workers at the

beginning of each period (U b
t ) and the aggregate number of vacancies

(Vt). The ratio U b
t /Vt is from now on denoted by γt.

2.5 Critical comments on selected assumptions

Most of the assumptions listed above were already discussed in previous

papers that use them. Due to the relevance to our results, we believe that

some of these assumptions deserve a brief comment.

6



The assumption on match quality is present in Jovanovic (1979). It con-

trasts with the assumption on workers’ intrinsic productivity used by Green-

wald (1986) and Gibbons and Katz (1991). Both share the successful predic-

tion of negative hazard rate, but have different predictions concerning welfare

loss of displaced workers6. Empirical papers testing the latter are not conclu-

sive. While the results in Gibbons and Katz (1991) favours the predictions

related to worker intrinsic productivity, those in Krashinsky (2002) and Song

(2007) reject them.

The no on-the-job search assumption simplifies our calculations. Once

relaxed, it would bring about a certain degree of complication as it would

be necessary to deal with different wage offers in the spirit of Burdett and

Mortensen (1998) framework. Our conjecture is that such relaxation would

not change the qualitative results on employment dynamics.

The assumption that wages are set by firms, although not consensual, is

rather often used in search models. Another standard assumption is based

on wage bargain between workers and firms. Our choice was guided on

calculations for the sake of convenience7.

The assumption of convex vacancy cost for new jobs is shared with Bertola

and Caballero (1994), Bertola and Garibaldi (2001) and Garibaldi (2006).

This is a critical assumption for our results on firm dynamics. It contrasts

with the standard assumption of linear costs present in most of the unem-

ployment matching models. Empirical evidence supports a non-linear shape.

Yashiv (2000) points to convex shape while Cooper et al. (2004) specifies

that a quadratic shape with an intercept fits the data better8 An important

difference to be noted in these two papers is that the first uses gross hirings

and separations as measure of labour adjustment while the second uses net

6Workers’intrinsic productivity leads to adverse selection configuration in the labour
market and welfare loss to displaced workers.

7Calculations based on wage bargain assumption (not shown in this paper) replicate
almost all qualitative results on employment dynamics. The only difference arises for
workers in low quality matches that may decide to quit even if firms do not decide to
replace them. Moreover it seems that the no on-the-job assumption is easier to be relaxed
under the wage bargain framework.

8Cooper et al. (2004) stress that the quadratic component is close to zero, but its
inclusion does improve the fit to the data.
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employment growth. Hence, the intercept in Cooper et al. (2004) may be

related to the fact that firms may pay adjustment costs even when they do

not grow, as long as they hire workers to replace others.

Related to this point, we would like to comment on the assumption on

the variation in vacancy cost according to its previous filling status. One

can rationalise the extra cost associated to a new job through an assumption

related to production technology. If we assume that every firm has to provide

one unit of equipment to each worker, we can assume that c represents the

unitary price of the equipment9.

2.6 model overview

The labour market represented in our model evolves in the following way.

Initially, firms post an optimal number of vacancies with the corresponding

wage. The labour force size and match quality composition will vary across

firms due to the stochastic environment where hiring takes place. Firms may

then decide to displace any of its employees and whether this displace will

open a new job. Displaced workers will enter the job seekers pool, together

with unemployed workers and those coming from firms that have chosen to

phase out. Such elaborated employment decision is allowed by the introduc-

tion of search friction, which simplifies the wage determination process.

It turns out that firms’ decisions on replacement and job creation depend

on their initial level of low productivity matches, leading to a dynamics

characterised by path dependence with respect to this random unobserved

variable. This nature of firms’ decision process, as well as the associated

mechanics of and predictions on firm dynamics, connects our model with the

active exploration framework of Ericson and Pakes (1995). In their model,

firms takes a risky action to improve their performance after learning about

the result in the previous period. In our framework, replacement can be seen

as the risky action, since it may diminish profit when vacancies are not filled

or increase it when new workers form high quality matches.

9It is also implicitly assumed that there is no depreciation.
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3 Wage and Labour Supply Determination

The constant return to scale assumption allows for the separation of labour

demand decisions, to be analysed later, from labour supply and wage de-

termination, which is the object of this section. The latter are variables

determined, in each period, through a game involving firms and workers.

3.1 First Period

Firms move first offering wages that maximise their expected profit condi-

tioned on their beliefs about workers’ acceptance policy. Equilibrium occurs

when the workers acceptance policy for the observed wage offer profile cor-

responds to firms’ beliefs.

In equilibrium, firms will offer constant and homogeneous wage equivalent

to the unemployment benefit (wt = b) and any unemployed worker will accept

an offer like this if (s)he gets one.

It is easy to see that this is a Nash equilibrium. Given search frictions,

workers would accept any wage offer bigger or equal to b. Conditioned on

this acceptance policy, firms maximise their profits offering b.

3.2 Second Period

In the second period firms are involved in two games.

The first, played with job seeker workers, is described in the same way we

did for the first period. In this game it is easy to see that the same results

applies.

The other game is played with incumbent workers who have just revealed

how productive they are with the current employer. The existence of two

types of matches is a relevant departure from the usual assumptions present

in search models.

Nevertheless, the assumption of match specific productivity, as opposed

to worker specific productivity, implies that the outside option is the same

for any worker in the second period, as it was in the first period. In fact

the alternative is to join the job seeker pool of workers, which was also the
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alternative in the first period10. Therefore, this game is equivalent to the

previous one and the equilibrium is, once more, w = b.

4 Labour Demand Policy

Firms will choose vacancy level in the two periods and the number of workers

to be displaced in the second period (v1, v2, r). The objective is to maximise

the present value of the total amount of expected profits conditioned on the

information available in the first period on labour force size (ϑt) and match

quality (st), respectively. Using standard results on dynamic program we

have:

max
v1,v2,r

E1[π(v1, v2, r)] = max
v1

{E1[π1(v1)] + ρ ·max
v2,r

E1[π2(v2, r) | v1]} (1)

Where ρ is the firms’ composite discount rate, taking into account the

probability of shutting down 11. Notation can be simplified by re-writing the

last term as:

ρ ·max
v2,r

E1[π2(v2, r) | v1] = E1[π2(v
∗
2, r

∗) | v1]

Where v∗2, r
∗ corresponds to the optimal labour demand policy. First, we

show how π2(v
∗
2, r∗) is determined and then analyse how first period choice

of v affects the second period instantaneous profit as well as overall profit.

4.1 Labour demand policy in the second period

Surviving firms decide, at the interim between the first and second periods,

on the displace of workers in each type of match and whether to hire or not

new workers, having been informed about first period labour force size and

10Like in the first period the job seeker pool is considered by the firms as a homogeneous
group (any element has probability s to take part of a highly productive match).

11ρ = (1−µ)
(1+r) .
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the quality of the matches. Moreover, they define the share of replacement

in both, displaces and hirings.

The apparently huge number of elements in the firm’s set of possible

actions is, in fact, reduced to a few elements if we notice the following:

- Any displace of workers which is not related to a replacement process

is discharged since both types of matches are profitable 12.

- Firms will never replace any worker in a high quality match, since no

new worker can be more profitable than that.

- If firms decide to replace r workers, than any new worker will only be

allocated for a new job if these r jobs have already been filled.

The three observations above allows to write the firm’s expected profit in

t2, relative to the random variables ϑ2 and s, as:13

EsEϑ2 [π2(r, v2)] = p2 · EsEϑ2(`
+
2 + θ · `−2 )− b · Eϑ2(`2)− cjc(v2)

+p2 · (`+
2 + θ · `−2 )− b · (`+

2 + `−2 )− [(p2 · θ − b− c) · r]

The terms in the first row (at the right hand side) refer to the vacancy

posting decision. The next two terms correspond to the operational profit

provided by the first period employees and the last term corresponds to the

profit variation associated to replacement of r workers part of type 0 matches.

The first row can be simplified and second period expected profit written

as14 :

12This comes from he fact that 1 > θ > w = b
13We have just rearranged the following expression

EsEϑ2 [π2(r, v2)] = p2 · EsEϑ2(`
+
2 + θ · `−2 )− b · Eϑ2(`2)− [crep(r) + cjc(v2)− cjc(r)]

+p2 · (`+2 + θ · `−2 )− b · (`+2 + `−2 )− [(p2 · θ − b) · r]

using the fact that [crep(r) + cjc(v2)− cjc(r)] = cjc(v2)− c · r
14The very first term can be written as:

p2 · EsEϑ2(`
+
2 + θ · `−2 ) = p2 · [s + θ · (1− s)] · ϑ2 · `2

We have used the fact that s is independent from `t.
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EsEϑ2 [π2(r, v2)] = Es[π
op
2 |`2 = 1] · ϑ2 · v2 − cjc(v2)

+p2 · (`+
2 + θ · `−2 )− b · (`+

2 + `−2 )− [(p2 · θ − b− c) · r]

Where Es[π
op
2 |`2 = 1] represents the expected operational profit of a new

match.

Firms would then have to maximise expected profits not only with respect

to v2, but also with respect to r which could bring significant complication

to the analysis of the firm’s optimal choice at t2.

However we can avoid this additional complication using another result,

shown below and proved in the appendix:

- Only firms that try to replace all its low type workers may become

interested in opening new jobs.

This result needs the assumption that (p2 · θ − b) < c. It can be stated

as the following relation between r, `−1 and v2:

r = min{v2, `
−
1 }

This can be used to simplify firm’s expected profit at t2:

EsEϑ2 [π2(v2)] = Es[π
op
2 |`2 = 1] · ϑ2 · v2 − cjc(v2)

−(p2 · θ − b− c) ·min{v2, `
−
1 }+ p2 · (`+

1 + θ · `−1 )− b · (`+
1 + `−1 )

Hence, the firm solves a maximization problem where the only choice is

relative to v2
15. Figure 1 represents how expected profits vary according to

the vacancy level. All the above elements are aggregated in two components

according to their shape. There is a linear component that could be inter-

preted as revenue in a broad sense and a convex component relative to cost.

The figure shows how revenue varies between two firms with distinct levels

of type 0 matches but the same level of type 1 matches.

15This means that the previously stated problem was simplified to maxv2 EsEϑ2 [π2(v2)].
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The fact that we have linear vacancy revenues and convex cost is sufficient

for a well defined solution, however, there is a kink at `0 which makes the

optimal value of v2 vary across firms. In the appendix we show the necessary

derivations to the following result:

v∗2,i =





`−U , `0
1,i > `−U

`0
1,i, `−U < `0

1,i < `−U
`−U , `0

1,i < `−U

where `−U and `−U are derived in the appendix.

Moreover, the allocation of vacancies between replacement and job cre-

ation will also vary across firms. To see this, note that the allocation for

replacement comes from a comparison between v∗2,i and `0
1,i. As both com-

ponents vary across firms, so will vacancies allocated for replacement. The

same holds for the vacancies allocated for job creation which is just the com-

plement to the total vacancies. These components of v∗2,i are defined below:

r∗i =

{
v∗2,i, `0

1,i > `−U
`−1,i, `0

1,i < `−U

jc∗i =

{
0, `−1,i > `−U

v∗i − `−1,i, `−1,i < `−U

Employment policy for start-up firms in the second period is simpler than

for surviving firms. It can be viewed as a particular case, where `−1 = `+
1 =

φ = 0 and then expected profit is just:

EsEϑ2 [π2(v2)] = Es[π
op
2 |`2 = 1] · ϑ2 · v2 − cjc(v2)

4.2 Labour demand Policy in the First Period

We are now ready to tackle the problem that firms face in the first period

using the result derived above:

π2(v
∗
2, r∗) = π2(v

∗
2)
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Hence, the first period decision can be represented as:

max
v1,v2

E1[π(v1, v2)] = max
v1

{E1[π1(v1)] + ρ · E1[π2(v
∗
2) | v1]} (2)

The first term in the right hand side can be written as:

Eα1Eϑ1 [π1(v1)] = p1 · Eα1Eϑ1(`
+
1 + θ · `−1 )− b · Eϑ1(`1)− cjc(v1)

After manipulating the equation in the same way applied to the previous

section, the expected profit is re-expressed as:

Eα1 [π
op
1 |`1 = 1] · ϑ1 · v1 − cjc(v1)

Where Eα1 [π
op
1 |`1 = 1] represents the first period expected operational

profit using a new worker.

E1[π2(v
∗
2) | v1] is defined in the appendix as:

E1[π
∗
2(v1)] =





z1 · `−U − E1[c(`
−
U) | v1] + z2 · `−U + Eα1 [π

op
1 |`1 = 1] · ϑ1 · v1,

v1 > v1

z1 · (1− s) · ϑ1 · v1 + z2 · (1− s) · ϑ1 · v1 − E1[c(`
−
1 ) | v1]+

Eα1 [π
op
1 |`1 = 1] · ϑ1 · v1, v1 < v1 < v1

z1 · `−U + z2 · (1− s) · ϑ1 · v1 − E1[c(`
−
U) | v1]+

Eα1 [π
op
1 |`1 = 1] · ϑ1 · v1, v1 < v1

We can now define inter-temporal profit as:
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E1[π(v1, v2)] = [1 + ρ] · {Eα1 [π
op
1 |`1 = 1] · ϑ1} · v1 − cjc(v1)+

ρ ·





z1 · `−U − E1[c(`
−
U) | v1] + z2 · `−U , v1 > v1

z1 · (1− s) · ϑ1 · v1 − E1[c(`
−
1 ) | v1] + z2 · (1− s) · ϑ1 · v1,

v1 < v1 < v1

z1 · `−U − E1[c(`
−
U) | v1] + z2 · (1− s) · ϑ1 · v1, v1 < v1

Figures 2 to 4 provide visual help to the understanding of the above ex-

pression. The first figure shows the elements related to the decision in the

first period (first row of the expression), the second, the elements related to

the decision in the second period (the remaining components of the expres-

sion). Finally, the third figure summarises both16.

It is easy to see that at least one interior solution exists. Nevertheless,

if the solution will be unique or not depends on the values imposed for the

parameters of the model. In the appendix we show that when the following

restrictions are satisfied then uniqueness is attained.

c′(v1) > Eα1 [π
op
1 |`1 = 1] + z2 · ρ · (1− s)

c′(v1) + ρ · ∂E1[c(v1)]

∂v
> Eα1 [π

op
1 |`1 = 1] + (z1 + z2) · ρ · (1− s)

Note that even when firms post the same number of vacancies, they will

differ in two aspects at the end of the first period: i) labour force size and

ii) labour force composition. These are consequences of the stochastic envi-

ronment in which hirings take place17.

16In this figure we have assumed a quadratic cost function, which guarantees a convex
shape for E1[c(`−1 ) | v1].

17Another dimension in which firms will differ at this stage is productivity as an ob-
vious consequence of the heterogeneities pointed beforehand. Firms’ productivity can be
expressed as s1 + θ · (1− s1).
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5 Aggregation and Equilibrium Unemployment

It should be noted that the solutions provided above were conditioned to

firms’ expectation about the value of ϑt, which is not exogenous. Equilibrium

is then closed using the appropriate equations which guarantee consistency

between individual choices and the aggregate level of such parameters.

ϑt is defined through a one-to-one function of γt, hence, we will discuss

the latter rather than the former parameter. The aggregate values will be

denoted as γag
t and we will derive their values through the definitions of Vt

and U b
t .

In the first period we can use the fact that all individuals are looking for

jobs, i.e., U b
1 = L. The aggregate vacancy rate is defined as:

V1 = N · v∗1(γ1)

Elementary substitutions makes explicit the connection between the γ1

used by the firms with the aggregate one (L/V1).

γag
1 = L/V1 = L/[N · v∗1(γ1)]

In the appendix we prove that the same functional relations between pa-

rameter values used above for uniqueness also guarantees that γag
1 is mono-

tonic decreasing in relation to γ1, which means that there is only one partic-

ular value for the latter variable that matches the value of the former. This

argument is illustrated in figure 5.

Finally, the number of unemployed workers during the first period will be
18:

U1 = L−M(V1, L)

In the second period, the choice of vacancies is no longer homogeneous,

but depends on `−1 . The corresponding aggregation is presented below:

18The standard restriction that M(V1, U
b
1) ≤ min{V1, U

b
1} guarantees U1 ≥ 0.
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V2 =

∫
v∗2(`

−
1 ; γ2) · g(`−1 ) d`−

g(.) denotes cross-section distribution of low quality matches at the end

of the first period19.

The aggregate level of job seekers is defined below:

U b
2 = U1 + µ ·N · ϑ1 · v∗1 +

∫
r(`−1 ; γ2) · g(`−1 ) d`−

The first term corresponds to those individuals who, unable to find a

job in the first period, will try again. The other two terms correspond to

unemployment inflow, i.e., people who did work in the first period but were

displaced; the second term refers to those displaced due to job destruction

and the third represents workers that firms decided to replace.

These two equations can be combined by defining the aggregate ratio

U b
2/V2; which corresponds to γag

2 , indeed.

As in the first period, consistency is guaranteed by showing (in the ap-

pendix) that γag
2 is monotonic decreasing in relation to γ2.

Using the fact that new matches can always be decomposed in those used

in the replacement process (

∫
mr(`−1 )·ψ(`−1 ), d`−1 ) and those used to fill newly

created jobs (M jc), unemployment in the second period can be defined as:

U2 = U1 + [µ ·N · ϑ1 · v∗1 −M jc]

+

{∫
[r(`−1 )−mr(`−1 )] · g(`−1 ), d`−1

}

The right hand side of the expression above has three components. The

first is previous unemployment and the second is the difference between job

destruction and job creation. We usually have unemployment dynamics de-

fined based only in these two elements. Our model, however, depicts a third

element, resulting from the interaction of search friction and asymmetric

information, which corresponds to non filled vacancies in replacement pro-

19Second period start-ups are included in this distribution with null value for `−1 .
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cesses.

6 Model predictions on firm dynamics

The main goal of the model developed above was to reproduce the fact that

some firms replace workers and create new jobs simultaneously. The mecha-

nism of firm dynamics that comes out from the particular set of assumptions

used in the model generates other predictions which can be used to check the

pertinence of the model.

We will focus on predictions that have an empirical counterpart already

available. Hence, we rely, as the empirical counterpart of our predictions, on

stylised facts pointed by surveys of the empirical literature on firm dynamics.

In order to introduce our predictions on firm dynamics, first, the mechan-

ics of firm dynamics in our model is briefly summarised. The model’s key

variable to explain firm dynamics is the initial level of `−, i.e., firm’s perfor-

mance along the life cycle is determined by a random unobserved variable.

This is enough to state the first prediction:

- Homogeneous firms in terms of observable characteristics (industry, size

and age) attain distinct performance levels measured either as produc-

tivity at the end of the first period or job creation in the second period.

Bartelsman and Doms (2000) state this result as an stylised fact for pro-

ductivity, while Davis and Haltiwanger (1999) do the same concerning job

flows.

Continuing with the mechanics of firm dynamics in our model, we shall

proceed to splitting firms in two groups according to their initial level of

`− in the first period; one with low level and the other with high level.

The first group creates jobs and decides for a relatively smaller number of

replacements. The second group focus its hiring efforts in the replacement

process and does not create jobs. Hence, there is a catch-up in terms of

match quality composition which, in other words, means a catch-up in terms

of productivity. It is not difficult to see that the catch-up is limited in the

sense described in our next prediction.
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- Firms that in the first period are relatively more productive tends to

keep this relative position in the second period.

This prediction finds a strong support, this time given by Bartelsman

and Doms (2000), “...highly productive firms today are more than likely to

be highly productive firms tomorrow...”20.

Bearing in mind that γt and αt are independent, we have that the initial

level of type 0 matches is positively correlated to the initial labour force size.

As a consequence of this result we have the following prediction:

- Job creation in the second period is negatively correlated to labour

force size at the end of the first period.

This corresponds to the relation between size and growth pointed by

Sutton (1997). The author writes: “the proportional rate of growth of a firm

(or plant) conditional on survival is decreasing in size”21.

Note that in our model there is a threshold initial level of `− above which

the vacancy level does not depend on this variable anymore. Therefore we

can add the following remark to the prediction above.

- The relation between job creation and initial size pointed before tends

not to be valid for the group of the largest firms.

This is precisely how Caves (1998) puts the relation between employment

growth and initial size:“...mean growth rates of firms decrease with their

initial sizes among small firms; for initially large firms growth rates and size

are unrelated”22.

Generally, the mechanics is compatible with the summary presented by

Caves (1998) on the process of firm dynamics23. “ The process works as if

entrants obtain options to make further investments after learning or con-

firming their capabilities.”

20Op cit page 571.
21Op cit page 46.
22Op cit page 1976.
23Op cit page 1976.
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7 Summary and conclusions

In this paper we develop a labour market model where both components

of worker flows, namely job flows and replacement are addressed. At micro

level, firms decide simultaneously about job creation and worker replacement.

The main characteristics of the model are imperfect information about

the quality of new matches and search frictions. When hiring workers firms

do not know whether there will be enough people to fill the open vacancies

and, once a new worker comes in, they do not know his/her productivity

level in that productive site.

In doing so we build an integrated framework of the labour market which

addresses both firm dynamics and unemployment dynamics. Therefore, the

model delivers predictions on several dimensions of the labour market, such

as unemployment level, unemployment flows, firms size distribution, firms

productivity distribution, all compatible with one another. This makes the

model an useful instrument to evaluate implications of policy shocks on the

labour market.

Concerning unemployment dynamics, we present a new component of

unemployment inflow, which results from the interaction of replacement and

search frictions. This can be explored in the context of the current debate

on the cyclical properties of unemployment inflow.

Concerning firm dynamics, the model predicts several stylised facts on

job flows and productivity. These predictions are also addressed by the

framework of active exploration, which is not a coincidence once we note

the similarity of the driving force leading to firms dynamics in both frame-

works.

Desirable extensions of our framework would deal with endogenous job

destruction and/or on-the-job search. The similarity with the active learning

framework suggests that the model may also be compatible with imperfect

competition in the product market.
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Appendices

A The relation between r, `− and v at t2

Consider a firm at t2 marginally deciding on the opening of one extra job

either as part of a replacement process or for the pourpose of job creation. We

will compare the marginal gain associated to replacement (EsEϑ2 [π
rep
2 (1)])

with that associated to job creation (EsEϑ2 [π
jc
2 (1)]).

The gain associated to replacement is:

EsEϑ2 [π
rep
2 (1)] = Es[π

op
2 |` = 1] · ϑ2 − crep(1)− (p2 · θ − b)

while the one associated to job creation is:

EsEϑ2 [π
jc
2 (1)] = Es[π

op
2 |` = 1] · ϑ2 − cjc(1)

One can see that: (p2 · θ − b) < c ⇒ EsEϑ2 [π
rep
2 (1)] > EsEϑ2 [π

jc
2 (1)]

B Derivation of v∗2,i

The firm solves the following problem in the interim between first and second

periods:

max
v

EsEϑ2 [π2(v2)] = p2 · (`+
1 + θ · `−1 )− b · (`+

1 + `−1 )

+Es[π
op
2 |` = 1] · ϑ2 · v2 − cjc(v2)− (p2 · θ − b− c) ·min{v2, `

−
1 }

First consider the following notation:

EsEϑ2 [π2(v2)]A = p2 · (`+
1 + θ · `−1 )− b · (`+

1 + `−1 )

+Es[π
op
2 |` = 1] · ϑ2 · v2 − cjc(v2)− (p2 · θ − b− c) · v2
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`−U = arg max{EsEϑ2 [π2(v2)]A}

`−R = arg max{EsEϑ2 [π2(v2)]A}s.t.v2 ≤ `−1

EsEϑ2 [π2(v2)]B = p2 · (`+
1 + θ · `−1 )− b · (`+

1 + `−1 )

+Es[π
op
2 |` = 1] · ϑ2 · v2 − cjc(v2)− (p2 · θ − b− c) · `−1

`−U = arg max{EsEϑ2 [π2(v2)]B}

`−R = arg max{EsEϑ2 [π2(v2)]B}s.t.v2 ≥ `−1

We can use the new notation to redefine the maximization problem as:

arg max{EsEϑ2 [π2(v2)]} = arg max{`−R, `−R}

The problem is then solved in three steps.

B.1 first step

Note that

if `−1 > `−U then `−R = `−U and `−R = `−1
This allows to solve the problem for this region, since:

EsEϑ2 [π(`−U)]A > EsEϑ2 [π(`−1 )]A = EsEϑ2 [π(`−1 )]B = EsEϑ2 [π(`−U)]B

Therefore, we have v∗2 = `−U when `−1 > `−U

B.2 second step

Note that

if `−1 < `−U then `−R = `−1 and `−R = `−U
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This allows to solve the problem for this region since:

EsEϑ2 [π(`−U)]B > EsEϑ2 [π(`−)]B = EsEϑ2 [π(`−)]A = EsEϑ2 [π(`−U)]A

Therefore, we have v∗2 = `−U when `−1 < `−U

B.3 third step

Now, note that

if `−U < `−1 < `−U then `−R = `−1 and `−R = `−1
Therefore, we have v∗2 = `−1 when `−U < `−1 < `−U

C Derivation of E1[π
∗
2(v1)]

First, consider the following value function defined according to the optimal

labour demand policy in the second period:

π2(`
1
1, `

−
1 , v∗2) = x1 · `+

1 + x0 · `−1 + z1(v
∗
2) + z2(v

∗
2)

where:

x1 · `+
1 + x0 · `−1 = πop

1 (`1
1, `

−
1 ) = p2 · (`+

1 + θ · `−1 )− b · (`+
1 + `−1 )

z1(v
∗
2) = Es[π

op
2 |`2 = 1] · ϑ2 · v∗2 − c(v∗2) = z1 · v∗2 − c(v∗2)

z2(v
∗
2) = [c− (p2 · θ − b)] ·min{v∗2, `−U} = z2 ·min{v∗2, `−U}

However, we have seen that v∗2 is defined according to `−1 , so plugging the

solution for v∗2 allows us to write the second period profit as:

25



π∗2(`
1
1, `

−
1 ) =





z1 · `−U − c(`−U) + z2 · `−U + πop
1 (`1

1, `
−
1 ), `0

1,i > `−U

z1 · `−1 − c(`−1 ) + z2 · `−1 + πop
1 (`1

1, `
−
1 ), `−U < `0

1,i < `−U

z1 · `−U − c(`−U) + z2 · `−1 + πop
1 (`1

1, `
−
1 ), `0

1,i < `−U

When firms are in the first period, they will look to this second period

profit in the following way.

E1[π
∗
2(`

1
1, `

−
1 ) | v1] =





z1 · `−U − c(`−U) + z2 · `−U + x0 · E1[`
−
1 | v1] + x1 · E1[`

+
1 | v1],

E1[`
0
1 | v1] > `−U

z1 · E1[`
−
1 | v1]− E1[c(`

−
1 ) | v1] + z2 · E1[`

−
1 | v1] + x0 · E1[`

−
1 | v1]+

x1 · E1[`
+
1 | v1], `

−
U < E1[`

0
1 | v1] < `−U

z1 · `−U − c(`−U) + z2 · E1[`
−
1 | v1] + x0 · E1[`

−
1 | v1] + x1 · E1[`

+
1 | v1],

E1[`
0
1 | v1] < `−U

We know that E1(`
1
1 | v1) = s · ϑ1 · v1 and E1(`

0
1 | v1) = (1 − s) · ϑ1 · v1.

Thus, we may define:

v1 =
`−U

(1− s) · ϑ1

v1 =
`−U

(1− s) · ϑ1
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E1[π
∗
2(v1)] =





z1 · `−U − E1[c(`
−
U) | v1] + z2 · `−U + Eα1 [π

op
1 |`1 = 1] · ϑ1 · v1,

v1 > v1

z1 · (1− s) · ϑ1 · v1 + z2 · (1− s) · ϑ1 · v1 − E1[c(`
−
1 ) | v1]+

Eα1 [π
op
1 |`1 = 1] · ϑ1 · v1, v1 < v1 < v1

z1 · `−U + z2 · (1− s) · ϑ1 · v1 − E1[c(`
−
U) | v1]+

Eα1 [π
op
1 |`1 = 1] · ϑ1 · v1, v1 < v1

D Uniqueness of v∗1 and Consistency of γ1

First, let’s disaggregate E1[π
∗
2(v1)] in linear and non-linear components, de-

noting them respectively by Rmg(v1) and Cmg(v1). They are illustrated in

figure 4 which shows three different regions (a, b and c) delimited by v1 and

v1. Suppose the following restrictions hold and that γ1 = 1 (which will be

relaxed later).

Rmg−(v1) < Cmg−(v1)

Rmg+(v1) < Cmg+(v1)

Rmg+(v1) < Cmg+(v1)

They say that the local maximum in region a is attained in the interior

of its domain and that the local maximum in regions b and c are attained

in their respective left bound. When this is the case the global maximum

corresponds to the one of the first region, since the following relation holds:

π(v∗a) > π(v∗b ) = π(v1) > π(v1) = π(v∗c )

The first and second restrictions corresponds to the ones presented in

the paper and reproduced below. The third one is not binding, since its
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requirement is guaranteed by the first restriction.

c′(v1) > Eα1 [π
op
1 |`1 = 1] + z2 · ρ · (1− s)

c′(v1) + ρ · ∂E1[c(v1)]

∂v
> Eα1 [π

op
1 |`1 = 1] + (z1 + z2) · ρ · (1− µ) · (1− s)

Now consider relaxing the restriction on the value of γ1. It is easy to see

that lower γ1 are associated with lower marginal revenues and does not affect

costs. Therefore, the restrictions above remain valid for lower values of γ1

and so the uniqueness for the optimal choice of v1.

The negative association between γ1 and marginal revenues implies a

negative correlation between γ1 and optimal levels of v1. This last result

determines the negative inclination for γag
1 in figure 5.

E Consistency of γ2

In this section we will show that the function γag
2 (γ2) crosses the 45 degrees

line once and only once. We first define the function itself and then its first

derivative.

γag
2 =

U b
2

V2

=
U1 + µ ·N · ϑ1 · v∗1 +

∫
r(`−1 ; γ2) · g(`−1 ) d`−

∫
v∗2(`

−
1 ; γ2) · g(`−1 ) d`−

The first important fact to note is that:

lim γ2 → 0γag
2 = ∞

Let R denote the aggregate number of displaced workers for replacement

and JC the aggregate number of open vacancies in new jobs. We can then

write the derivative mentioned above as:

∂γag
2

∂γ2

=
1

V2

· ∂R

∂γ2

− γag
2

V2

· ∂V2

∂γ2
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Note that ∂V2

∂γ2
= ∂R

∂γ2
+ ∂JC

∂γ2
. Later we show that both terms on the right

hand side are always positive, which implies:

∂V2

∂γ2

>
∂R

∂γ2

The sign of the derivative is given by the sign of the following expression:

∂R
∂γ2

∂V2

∂γ2

− γag
2

The first term is bounded above by one. Therefore, for small values of γ2

it is easy to see that we have a negative derivative. As the derivative of the

first term is also negative (to be shown below), we will never have the sign

of the derivative of γag
2 swapping to positive as γ2 increases. This is because

at an hypothetical swapping point γh
2 ,

∂γag
2

∂γ2
should satisfy the following two

contradictory conditions:

∂γag
2 (γh

2 )

∂γ2

= 0

∂γag
2 (γh

2 )

∂γ2

<
∂Z(γh

2 )

∂γ2

< 0

where Z represents
∂R
∂γ2
∂V2
∂γ2

.

To complete the proof it suffices to demonstrate three results used, but

not shown, in the argumentation above. The first one is:

∂R

∂γ2

> 0

The left hand side can be derived as:

∂R

∂γ2

= [1−G(`−1 )] · ∂`−1
∂γ2

The first term on the right hand side is trivially positive. The second

one is also easily associated to a positive sign once we check the analytical

solution for `−1 when cjc(v) is quadratic.
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The second result is:

∂R

∂γ2

> 0

A similar argument can be used to prove this result, since we have:

∂JC

∂γ2

= G(`−1 ) · ∂`−1
∂γ2

Finally, we must show that:

∂Z

∂γ2

< 0

First, let us introduce some notation: ∂R
∂γ2

= Y and ∂JC
∂γ2

= X. Than we

can write:

∂Z

∂γ2

=
X · ∂Y

∂γ2
− Y · ∂X

∂γ2

(Y + X)2

The result follows once we note that ∂Y
∂γ2

< 0 and ∂X
∂γ2

> 0.
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