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ABSTRACT. The goal of this paper is to introduce a class of tree-structured models that combines aspects

of regression trees and smooth transition regression models. The model is called the Smooth Transition Re-

gression Tree (STR-Tree). The main idea relies on specifying a multiple-regime parametric model through

a tree-growing procedure with smooth transitions among different regimes. Decisions about splits are en-

tirely based on a sequence of Lagrange Multiplier (LM) tests of hypotheses.
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Very Preliminary and Incomplete

1. INTRODUCTION

IN RECENT YEARSmuch attention has been devoted to nonlinear modeling. Techniques such as artificial

neural networks, nonparametric regression and recursive partitioning methods are frequently used to ap-

proximate unknown functional forms. In spite of their success in various applications, frequently these

approaches lack interpretability due to the complexity of the final model. Some cases in which the fitted

model can be given a reasonable interpretation, there are no inferential procedures that guarantee the

statistical significance of the parameters. The proposal of the present paper is the construction of a non-

linear regression model that combines aspects of two well-known methodologies: Regression Trees as in

Breiman, Friedman, Olshen, and Stone (1984) and the Smooth Transition Regression (STR) presented

in Granger and Teräsvirta (1993), by taking advantages of their main capabilities. Our proposal inherits

from tree-structured models the simplicity and interpretability of the tree-based models while the STR

framework provides tools for inference-based decisions. The proposed model is called the Smooth Tran-

sition Regression Tree (STR-Tree). In our proposal, by allowing smooth splits on the tree nodes instead

of sharp ones, we associate each tree architecture with a smooth transition regression model and thus it

turns possible to formulate a splitting criteria that are entirely based on statistical tests of hypotheses.

The Lagrange Multiplier (LM) test in the context presented by Luukkonen, Saikkonen, and Teräsvirta

(1988) is adapted for deciding if a node should be split or not1. Here, the tree growing procedure is used

as a tool for specifying a parametric model that can be analyzed either as STR model. In the former case,

we can obtain confidence intervals for the parameters estimates in the tree leaves and predicted values.

Decisions based on statistical inference also lessen the importance of post-pruning techniques to reduce

the model complexity.

[Include more material here]

Date: November 1, 2005.
1See Ter̈asvirta (1994), van Dijk, Teräsvirta, and Franses (2002), and the references therein for successful applications of similar
testing procedures.
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2. MODEL DEFINITION

2.1. A Brief Introduction to Regression Trees. Let xt = (x1t, . . . , xqt)′ ∈ X ⊆ Rq be a vector which

containsq explanatory variables (covariates or predictor variables) for a continuous univariate response

yt ∈ R, t = 1, . . . , T . The vectorxt may contain lags ofyt (in case of time-series data) as well as

a pre-determined or an exogenous group of variables. Suppose that the relationship betweenyt andxt

follows a regression model of the form

yt = f(xt) + εt, (1)

where the functionf(·) is unknown and, in principle, there are no assumptions about the distribution of

the random termεt. A regression tree is a nonparametric model based on the recursive partitioning of

the covariate spaceX, which approximates the functionf(·) as a sum of local models, each of which is

determined inK ∈ N different regions (partitions) ofX. The model is usually displayed in a graph which

has the format of a binary decision tree withN ∈ N parent (or split) nodes andK ∈ N terminal nodes

(also called leaves), and which grows from the root node to the terminal nodes. Usually, the paritions

are defined by a set of hyperplanes, each of which is orthogonal to the axis of a given predictor variable,

called thesplit variable; see Examples 1 and 2 bellow.

The most important reference in regression tree models is the Classification and Regression Trees

(CART) approach put forward by Breiman, Friedman, Olshen, and Stone (1984). In this context, the

local models are just constants. However, in this paper we follow Friedman (1979) and Chaudhuri,

Huang, Loh, and Yao (1994), considering linear models in each leaf2. Hence, conditionally to the

knowledge of the subregions, the relationship betweenyt andxt in (1) is approximated by a piecewise

linear regression, where each leaf (or terminal node) represents a distinct regime.

To mathematically represent a complex regression-tree model, we introduce the following notation.

The root node is at position0 and a parent node at positionj generates left- and right-child nodes at

positions2j + 1 and2j + 2, respectively. Every parent node has an associated split variablexsjt ∈ xt,

wheresj ∈ S = {1, 2, . . . , q}. Furthermore, letJ andT be the sets of indexes of the parent and terminal

nodes, respectively. Then, a tree architecture can be fully determined byJ andT; see Examples 1 and 2.

Although tree-structured regression models are a very popular tool to nonparametric regression in

biostatistics, medicine, ecology, and related areas, in Economics the applications are rather limited; see

Cooper (1998), Durlauf and Johnson (1995), and Garcia and Johnson (2000) for some of the few ex-

ceptions. However, some nonlinear econometric models previously proposed in the literature are special

cases of regression-trees.

2Other choices of approximation functions have been proposed in the literature. For example, Chaudhuri, Huang, Loh, and
Yao (1994) also considered polynomial functions in each leaf. Chaudhuri, Lo, and Yang (1995) discussed the tree-structured
Poisson and logistic regressions. Audrino and Bühlmann (2001) put forward a new tree-structured model, where a GARCH
process is estimated in each leaf.
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FIGURE 1. Regression tree with four terminal nodes representing (2).

EXAMPLE 1. Consider the four-regime SETAR model for the quarterly US real GNP growth rates (in

1982 dollars), estimated in Tiao and Tsay (1994):

ŷt =





−0.015− 1.076yt−1 if ∆yt−1 ≤ 0 and yt−2 ≤ 0;

0.006 + 0.438yt−1 if ∆yt−1 ≤ 0 and yt−2 > 0;

−0.006 + 0.630yt−1 if ∆yt−1 > 0 and yt−2 ≤ 0;

0.004 + 0.443yt−1 if ∆yt−1 > 0 and yt−2 > 0.

(2)

In (2), yt is the quarterly change in the logarithm of the GNP series.

Model (2) can be analyzed as a regression tree as illustrated in Figure 1. The tree induced by (2)

has three parent nodes (including the root node), four terminal nodes (leaves), and the depth3 is equal

to two. In the present case,J = {0, 1, 2} andT = {3, 4, 5, 6}. The split variables arexs0t = ∆yt−1

andxs1t = xs2t = yt−2. Model (2) maybe also written as sum of local linear models defined in regions

determined by a product of indicator functions, such as,

ŷt =(−0.015− 1.076yt−1) I(∆yt−1; 0)I(yt−2; 0)+

(0.006 + 0.438yt−1) I(∆yt−1; 0) [1− I(yt−2; 0)] +

(−0.006 + 0.630yt−1) [1− I(∆yt−1; 0)] I(yt−2; 0)+

(0.004 + 0.443yt−1) [1− I(∆yt−1; 0)] [1− I(yt−2; 0)] ,

3The depth of a tree os defined as the length of the path to the deepest leaf, i.e., the number of parent nodes (including the root
node) between the root and the deepest leaf.
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where

I(x; c) =





1 if x ≤ c;

0 otherwise.

EXAMPLE 2. Consider the estimated NeTAR model for the Jökulśa eystri (the eastern glacier river) in

north-west Iceland as in Astatkie, Watts, and Watt (1997). Daily data on flow (Qt), precipitation (Pt),

and temperature (Tt) were used to estimate the following model:

Q̂t =





4.82 + 0.82Qt−1 if Qt−2 ≤ 92 and

Tt ≤ −2;

1.32Qt−1 − 0.32Qt−2 + 0.20Pt−1 + 0.52Tt if Qt−2 ≤ 92 and

−2 < Tt ≤ 1.8;

1.15Qt−1 − 0.18Qt−2 + 0.014P 2
t−1 + 1.22Tt − 0.89Tt−3 if Qt−2 ≤ 92 and

Tt > 1.8;

49 + 0.45Qt−1 + 3.47Tt + 3.75Tt−1 − 6.08Tt−3 if Qt−2 > 92

(3)

A graphical representation of (3) is illustrated in Figure 2. Model (3) has three parent nodes (including

the root node), four leaves, and depth three. In this caseJ = {0, 1, 4} andT = {2, 3, 9, 10}. The split

variables arexs0t = Qt andxs1t = xs4t = Tt. As in the previous example, model (3) can be represented

by a sum of local linear models in regions determined by a product of indicator functions, such as

Q̂t =(4.82 + 0.82Qt−1) I(Qt−2; 92)I(Tt;−2)+

(1.32Qt−1 − 0.32Qt−2 + 0.20Pt−1 + 0.52Tt) I(Qt−2; 92) [1− I(Tt;−2)] I(Tt;−1.8)+
(
1.15Qt−1 − 0.18Qt−2 + 0.014P 2

t−1 + 1.22Tt − 0.89Tt−3

)
I(Qt−2; 92)×

[1− I(Tt;−2)] [1− I(Tt;−1.8)] +

(49 + 0.45Qt−1 + 3.47Tt + 3.75Tt−1 − 6.08Tt−3) [1− I(Qt−2; 92)] .

2.2. Tree-Structured Smooth Transition Regression (STR-Tree).Consider the following assump-

tions about the data generating process (DGP).

ASSUMPTION1. The observed sequence of real-valued dependent variable{yt}T
t=1 is a realization of a

stationary and ergodic stochastic process on a complete probability space generated as

yt = f (xt) + εt, t = 1, . . . , T,

wheref (xt) is a unknown measurable function of the real-valued random vectorxt ∈ X ⊆ Rq, which

has distribution functionF on Ω, an Euclidean space. The sequence{εt}T
t=1 is formed by random

variables drawn from an absolutely continuous (with respect to a Lebesgue measure on the real line),

positive everywhere distribution such thatE[εt] = 0 andE[ε2
t ] = σ2

t < ∞, ∀ t. In addition, assume that

E [εt|xt] = 0 andE [εtf(xt)] = 0.

Assumption 1 imposes some mild restrictions on the true DGP. It is important to notice that, in prin-

ciple, there are no strict assumptions neither on the functional form of the functionf (xt) nor on the

distribution ofεt.
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FIGURE 2. Regression tree model with four terminal nodes representing (3).

In this paper we propose a tree-structured model to best approximate the conditional meanE [yt|xt] =
f(xt). Extending the results presented in da Rosa, Veiga, and Medeiros (2003), we consider a linear

model in each leaf (regime) as well as applications to dependent observations, taking advantage of much

of the regression-tree structure presented in Section 2.1, but also introducing elements which make it fea-

sible to use standard inferential procedures. It is possible to interpret our proposal as a fully parametric,

semiparametric, or nonparametric model.

The key idea of the paper is to follow da Rosa, Veiga, and Medeiros (2003), replacing the sharp splits

in the regression-tree model by smooth splits. For instance, consider the tree model in Examples 1 and 2

and replace the indicator functionI(x; c) by a logistic function defined as

G(x; γ, c) =
1

1 + e−γ(x−c)
. (4)

Now we have the additional parameterγ, called theslope parameter, which controls the smoothness of

the logistic function. Note that the regression tree model is nested in the smooth transition specification

as a special case obtained when the slope parameter approaches infinity. The parameterc is called the

location parameter.
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DEFINITION 1. Letzt ⊆ xt such thatzt ∈ Rp, p ≤ q. The sequence of of real-valued vectors{zt}T
t=1 is

stationary and ergodic. Set̃zt = (1, zt)
′. A parametric modelM defined by the functionHJT (xt; ψ) :

Rq+1 → R, indexed by the vector of parametersψ ∈ Ψ, a compact subset of the Euclidean space, is

called Smooth Transition Regression Tree model, STR-Tree, if

HJT(xt; ψ) =
∑

i∈T
β′iz̃tBJi (xt; θi) (5)

where

BJi (xt;θi) =
∏

j∈J
G(xsj ,t; γj , cj)

ni,j(1+ni,j)

2
[
1−G(xsj ,t; γj , cj)

](1−ni,j)(1+ni,j) (6)

and

ni,j =





−1 if the path to leafi does not include the parent nodej;

0 if the path to leafi includes the right-child node of the parent nodej;

1 if the path to leafi includes the left-child node of the parent nodej.

(7)

LetJi be the subset ofJ containing the indexes of the parent nodes that form the path to leafi. Then,θi

is the vector containing all the parameters(γk, ck) such thatk ∈ Ji, i ∈ T.

The functionsBJi, 0 < BJi < 1, are known as the membership functions. Note that
∑

j∈JBJi (xt; θj) =
1, ∀xt ∈ Rq+1.

The reason for consideringzt as a subset ofxt is to avoid nonstationary regressors in the local linear

models. For example,xt may contain a linear trend that is an interesting split variable when there are

possible structural breaks in the series.

3. COMPARISON WITH OTHER NONLINEAR MODELS

3.1. Parametric View. First, consider the case whereE [yt|xt] = HJT(xt; ψ) and where the number

of limiting regimes (or terminal nodes) is bounded. Then, the true DGP is a piecewise linear model

with possibly smooth transitions among the regimes and the STR-Tree specification is a model of fixed

complexity. Several nonlinear parametric models fall into this category. For example, settingK = 2
in (5), the model becomes the Logistic STR (LSTR) model. If the slope parameter tends to infinity,

then the resulting model is the well-known Threshold Regression. The multiple regime STR (MRSTR)

model of van Dijk and Franses (1999), the additive LSTAR model ofÖcal and Osborn (2000), and the

Time-Varying STR (TV-STR) model of Lundbergh, Teräsvirta, and van Dijk (2003) are also special

cases of our specification. Thus, the STR-Tree model can be an interesting parametrization to describe

asymmetries and multiple regimes in the dynamics of macroeconomic variables over the business cycles.

On the other, neural network based models of fixed complexity are, in principle, not nested into

the STR-Tree framework. In neural networks and related models the transition (or split) variables are

linear combinations of all the elements ofxt, that are estimated together with all the other parameters.

This allows that the hyperplanes that determine the division of the input space to be nonorthogonal

among themselves. In that sense, one may argument that such models are more flexible than our tree-

structured specification. However, we have three arguments in favor of our model. First, estimating

the linear combination of input variables is rather difficult, specially when the dimension of the input
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space increases and the number of observations is limited. Furthermore, interpretation of the linear

combination is, in most cases, not available. As shown before, tree-structured models are more easily

interpreted. Second, to overcome the lost in flexibility due to the restriction of orthogonal hyperplanes,

the nested structure of tree models allows that only a subregion of the input space is split, allowing for

genuinely different regimes. Finally, all the theoretical results of the paper are still valid if we consider

a linear combination of variables as split variables. In that case, it is straightforward to generalize the

STR-Tree specification in order to include Neural Network based models as special cases.

3.2. Nonparametric View. Suppose now that the true DGP is not nested into our tree-structured spec-

ification and we want to best approximate the conditional meanE [yt|xt] = f(xt). In that situation the

STR-Tree model is a misspecified parametric model and is more convenient to interpret the model as a

nonparametric specification. As shown in Section 4, the STR-Tree model is capable of simultaneously

approximating the unknown functionf(xt) and its derivatives as far as the complexity of the model is

allowed to grow as the sample size increases. In such way, we can interpret the STR-Tree specification as

a nonparametric model, where instead of traditional kernel functions we use the membership functions

BJi(xt, θi), i = 1 ∈ T; see Equation 5.

3.3. Semiparametric View. Consider a given terminal nodei∗ ∈ T. Model 5 can be easily written as

HJT(xt; ψ) = β′i∗ z̃tBJi∗ (xt; θi∗) +
∑

i∈T−{i∗}
β′iz̃tBJi (xt; θi) ≡ λ′z̃t + η(xt), (8)

whereη(xt) is a nonlinear function ofxt. If our interest relies only on the parameter vectorβi∗ than the

STR-Tree model can be seen as a semiparametric specification.

4. APPROXIMATION CAPABILITIES

Define

Hq,K,ψ =

{
Rq → R

∣∣∣∣∣HJT(xt;ψ) =
∑

i∈T
β′iz̃tBJi (xt;θi)

}
, (9)

as the set of all functions implemented by the STR-Tree specification withK terminal nodes. The goal

of this section is first to show that any functionf(xt) ∈ C(X), whereC(X) is the space of all continuous

functions onX, a compact subspace ofRq, can be arbitrarily accurate approximated by a function that

belongs toHq,K,ψ, as far sufficiently many terminal nodes are available. In addition, we also show that if

the functionf has continuous derivatives, than there exist a functionh ∈ Hq,K,ψ that can simultaneously

approximate the functionf and its derivatives. This section is strongly based on developments presented

in Hornik (1991).

Our approximation results are based on theLp(µ) performance criteria, whereµ is a finite input

environment measure andLp(µ) is the space of all functionsf such that‖f‖p,µ < ∞, where

‖f‖p,µ =
[∫

Rq

|f(xt)|p
]1/p

,

1 ≤ p < ∞.



8 M. C. MEDEIROS, J. C. DA ROSA, AND A. VEIGA

Defineρp,µ [f(xt)− h(xt)] = ‖f(xt)− h(xt)‖p,µ. A subsetS of Lp(µ) is dense inLp(µ) if for

arbitraryf ∈ Lp(µ) andδ > 0 there is a functionh ∈ S such thatρp,µ(f, h) < δ. In other words,h can

approximatef to any desired degree of accuracy.

Our first approximation theorem states the main result concerning continuous functions.

THEOREM 1. The setHq,K,ψ is dense inC(X) for all compact subsetsX ofRq.

The following developments concerns the simultaneous approximation of the unknown function and

its derivatives. First, define as a multi-index theq-tupleα = (α1, . . . , αq) of nonnegative integers. Let

|α| = α1 + · · ·+ αq be the order of the multi-indexα and set

Dαf(xt) =
∂|α|

∂xα1
1t · · · ∂x

αq

qt

f(xt)

as the corresponding partial derivative of a sufficiently smooth functionf(xt). In addition, define

Cm(Rq) as the space of all functionsf which, together with all their partial derivativesDαg of order

|α| ≤ m, are continuous onRq. Finally, for all subsetsX of Rq andf ∈ Cm(Rq), let

‖f‖m,µ,X ≡ max
|α|≤m

sup
xt∈X

|Dαf(xt)| .

A subsetS of Cm(Rq) is uniformly m-dense on compacta inCm(Rq) if for all f ∈ Cm(Rq), for

all compact subsetsX of Rq, and for all δ > 0 there is a functionh = h(f,X, δ) ∈ S such that

‖f − h‖m,µ,X < δ.

Forf ∈ Cm(Rq), µ a finite measure onRq and1 ≤ p < ∞, let

‖f‖m,p,µ ≡

 ∑

|α|≤m

∫

Rq

|Dαg|p



1/p

,

and the weighted Sobolev spaceCm,p(µ) be defined by

Cm,p(µ) = {f ∈ Cm(Rq) : ‖f‖m,p,µ < ∞} .

Observe thatCm,p(µ) = Cm(Rq) if µ has compact support. A subsetS of Cm,p(µ) is dense inCm,p(µ),
if for all f ∈ Cm,p(µ) andδ > 0 there is a functionh = h(f, δ) ∈ S such that‖f − h‖m,p,µ < δ.

We then have the following result.

THEOREM 2. Hq,K,ψ is uniformlym-dense on compacta inCm(Rq) and dense inCm,p(µ) for all finite

measuresµ onRq.

5. PROBABILISTIC PROPERTIES

Consider the case wherext = (yt−1, . . . , yt−p)
′. In that situation, it is interesting to know under

which conditions the STR-Tree model is stationary. The following theorem gives sufficient conditions

for second-order stationarity of the STR-Tree model.

THEOREM 3. Let xt = (yt−1, . . . , yt−p)
′. ConsiderT0 the set of all terminal nodes (regions) where

BJi (xt;θi) −→ 0, as‖xt‖ −→ ∞. DenoteT0 as its complement andβi = (β1i, β2i, . . . , βpi)′. The
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STR-Tree model is second-order stationary if all the roots of the polynomial1− β1iw − β2iw
2 − · · · −

βpiw
p, i ∈ T0, are outside the unit circle.

6. MODEL ESTIMATION AND ASYMPTOTIC THEORY

In this section we discuss the estimation of the STR-Tree model and the corresponding asymptotic

theory. As the true DGP is unknown, the STR-Tree model is just an approximation tof(xt). The

parameters of model (5) are estimated by nonlinear least-squares (NLS) which is equivalent to quasi-

maximum likelihood (QML) estimation. Let̂ψ be the quasi-maximum likelihood estimator (QMLE) of

ψ given by

ψ̂ = argmin
ψ∈Ψ

QT (ψ) = argmin
ψ∈Ψ

1
T

T∑

t=1

qt(ψ) = argmin
ψ∈Ψ

{
1
T

T∑

t=1

[yt −HJT(xt; ψ)]2
}

. (10)

Following Domowitz and White (1982) and White (1994), defineψ∗ as the parameter vector that

minimizes the average prediction (or approximation) mean squared error4,

σ2 =
1
T

T∑

t=1

∫
[f(xt)−HJT(xt;ψ) + εt]

2 dF. (11)

As the data-generating and approximation functions are assumed to be time-invariant,ψ∗ can be con-

sidered as the parameter vector of a locally unique best approximationHJT(xt; ψ) to f(xt) over some

compact setC with a nonempty interior contained in the range ofxt.

6.1. Parametric Estimation. DefineQ(ψ) = E[qt(ψ)]. In the following two subsections, we discuss

the existence ofQ(ψ) and the identifiability of the STR-Tree model. Then, in Subsection 6.1.3, we prove

the strong consistency of̂ψT to ψ∗. Asymptotic normality of the QMLE is considered in Subsection

6.1.4.

6.1.1. Existence of the QMLE.The following theorem proves the existence ofQ(ψ). It is based on

Theorem 2.12 in White (1994), which establishes that under certain conditions of continuity and mea-

surability of the quasi-loglikelihood function,Q(ψ) exists.

THEOREM 4. Under Assumption 1,Q(ψ) exists and is finite.

6.1.2. Identifiability of the Model.A fundamental problem for statistical inference that haunts nonlinear

econometric models is the unidentifiability of the quasi-loglikelihood function. In order to carry statis-

tical inference we need to show thatψ∗ is the unique minimizer ofQ(ψ). However, the unconstrained

STR-Tree model is neither locally nor globally identified. Three properties of the STR-Tree model cause

unidentifiability of the models:

(P.1) The property of interchangeability of the regimes (terminal nodes). If in (5), a group of func-

tionsBJi(xt; θi), i ∈ T, is permuted, than we can also permute the parametersβi yielding the

same value of the quasi-loglikelihood function. This results in several different models that are

4ψ∗ also minimizes the Kullback-Leibler Information Criterion (KLIC).
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indistinct among themselves. As a consequence, in the estimation of parameters, we will have

several equal local minima forQ(ψ).
(P.2) The fact thatG(xsj ; γj , cj) = 1−G(xsj ;−γj , cj), j ∈ J.
(P.3) The presence of irrelevant regimes (leaves). For example, consider a parent nodej and its child-

nodes2j + 1 and2j + 2. If β2j+1 = β2j+2, then parametersγj andcj remain unidentified, for

somej ∈ J. On the other hand, ifγj = 0, then parametersβ2j+1 andβ2j+2 may take on any

value without affecting the value of the quasi-loglikelihood function.

Hence, establishing restrictions on the parameters of (5) that simultaneously avoid any permutation of

regimes (property (P.1)), and symmetries in the logistic function (property (P.2)), and model reducibility

(property (P.3)), we guarantee the identifiability of the model.

The problem of interchangeability (property (P.1)) can be prevented by considering the following

restriction:

RESTRICTION 1. Consider the two adjacent split nodes2j + 1 and 2j + 2 generated from the same

parent nodej ∈ J. If xs2j+1,t = xs2j+2,t, thenc2j+1 ≤ c2j+2 (or γ2j+1 ≤ γ2j+2). Equality is resolved by

arranging the split nodes such that there is at least onek ∈ {0, 1, 2, . . . , p} such thatβk,2j+1 < βk,2j+2.

Now the consequences due to the symmetry of the logistic function (property (P.2)) and the presence

of irrelevant regimes, property (P.3), can be solved if we impose the following restrictions:

RESTRICTION2. The parameters of the STR-Tree model satisfy the following restrictions:

(1) Consider two terminal nodes2j +1 and2j +2 generated from the same parent nodej ∈ J. The

parameter vectorsβ2j+1 andβ2j+2 are such thatβ2j+1 6= β2j+2.

(2) The parametersβi 6= 0, ∀ i ∈ T.

(3) The parametersγj > 0, ∀ j ∈ J.

THEOREM5. Under Assumption 1 and Restrictions 1 and 2, the STR-Tree model is globally identifiable.

Furthermore,Q(ψ) is uniquely maximized atψ∗.

In practice, the presence of irrelevant regimes will be circumvented by applying a “specific-to-general”

model building strategy as discussed in Section 7.1.

6.1.3. Consistency.Consider the following assumption.

ASSUMPTION 2. The parameter vectorψ∗ ∈ Ψ with maximizes the quasi-loglikelihood function (or

minimizes the KLIC) is in the interior ofΨ, a compact subset of finite dimensional Euclidean space.

THEOREM6. Under the Assumptions 1 and 2 and the additional assumption thatE
[|εt|2

]
< ∞, ∀ t, the

QMLE ψ̂ is strong consistent forψ∗, i.e.,ψ̂
a.s.→ ψ∗.
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6.1.4. Asymptotic Normality.First, we introduce the following matrices:

A(ψ∗) = E


−∂2qt(ψ)

∂ψ∂ψ′

∣∣∣∣∣
ψ∗


 and

B(ψ∗) = E


∂qt(ψ)

∂ψ

∣∣∣∣∣
ψ∗

∂qt(ψ)
∂ψ′

∣∣∣∣∣
ψ∗


 .

Consider the additional matrices:

AT (ψ) =
2
T

T∑

t=1

{
∂HJT(xt; ψ)

∂ψ

∂HJT(xt; ψ)
∂ψ′ − ∂2HJT(xt;ψ)

∂ψ∂ψ′ [yt −HJT(xt; ψ)]
}

BT (ψ) =
4
T

T∑

t=1

{
[yt −HJT(xt;ψ)]

∂HJT(xt; ψ)
∂ψ

∂HJT(xt; ψ)
∂ψ′

}
.

(12)

The following theorem states the asymptotic normality result.

THEOREM 7. Under Assumptions 1–2, then
√

T (ψ̂ −ψ∗) D→ N
(
0,A(ψ∗)−1B(ψ∗)A(ψ∗)−1

)
, (13)

whereA(ψ∗) andB(ψ∗) are consistently estimated byAT (ψ̂) andBT (ψ̂), respectively.

7. MODEL BUILDING

The modeling cycle of the STR-Tree model involves three steps, namely: Specification, estimation,

and model evaluation. The specification consists of three decisions: The choice of relevant variables,

the selection of the node to be split (if this is the case), and the selection of the splitting (or transition)

variable.

The possible candidate variables maybe a set of (weakly) exogenous variables determined from some

underlying theory and/or a set of lags of the dependent variable. When the number of exogenous (or pre-

determined) variables are too high it is useful to first select a subset of the candidate variables (the relevant

ones) before continuing the building of the STR-Tree model. The same thing happens when lagged

values ofyt are considered as candidate variables. The maximum lag order should be determined first.

The reasons for doing this are twofold: First, the model building strategy will be accelerated and second,

a parsimonious model will be estimated in each leaf. Several ways of selecting the relevant variables

exist. In the STAR literature is common to select the set of relevant variables with information criteria,

making use a linear approximation to the true DGP. This is also a possibility here. However, as pointed

out by Pitarakis (2004) this may have an adverse effect on the final model specification. An alternative

approach is to adopt a polynomial approximation to the true DGP as proposed in Rech, Teräsvirta,

and Tschernig (2001) and applied with success in Medeiros, Teräsvirta, and Rech (in press), Medeiros

and Veiga (2005), Suarez-Fariñas, Pedreira, and Medeiros (2004), and Medeiros, Veiga, and Pedreira

(2001). A third possibility is to use nonparametric techniques. Several nonparametric variable selection

techniques are available (Tschernig and Yang 2000, Vieu 1995, Tjøstheim and Auestad 1994, Yao and
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Tong 1994, Auestad and Tjøstheim 1990), but they are computationally very demanding, in particular

when the number of observations is not small.

The the selection of the node to be split (if this is the case), and the selection of the splitting (or

transition) variable will be carried out by sequence of Lagrange Multiplier (LM) tests following the ideas

originally presented in Luukkonen, Saikkonen, and Teräsvirta (1988) and vastly used in the literature; see

Ter̈asvirta (1994), van Dijk, Teräsvirta, and Franses (2002), Medeiros, Teräsvirta, and Rech (in press),

da Rosa, Veiga, and Medeiros (2003), and the references therein. As mentioned in the introduction, our

goal is to build a coherent strategy to select the variables/lags and to grow the STR-Tree model using

statistical inference. As the STR-Tree is a nonlinear approximation of the true model, the results of

Domowitz and White (1982) and White (1994) will be advocated. An alternative approach based on 10-

fold cross-validation is also possible; however, the computational burden involved is dramatically high

as shown in da Rosa, Veiga, and Medeiros (2003).

The estimation of the parameters of the model will be carried out by nonlinear least-squares which is

equivalent to quasi-maximum likelihood estimation as discussed in Section 6.

What follows thereafter isevaluationof the final estimated model. Tree-structured models are usually

evaluated by their out-of-sample performance (predictive ability). However, the tree-grown procedure is

carried out throw a sequence of neglected nonlinearity tests which can be interpreted also as an evaluation

test. The construction of tests for serial autocorrelation in the same spirit of Eitrheim and Teräsvirta

(1996) and Medeiros and Veiga (2003) is also possible but is beyond the scope of the paper.

Following the “specific-to-general” principle, we start the cycle from the root node (depth0) and the

general steps are:

(1) Selection of the relevant variables.

(2) Specification of the model by selecting in the depthd, using the LM test, a node to be split (if

not in the root node) and a splitting variable.

(3) Estimation of the parameters.

(4) Evaluation of the estimated model by checking if it is necessary to:

(a) Change the node to be split.

(b) Change the splitting variable.

(c) Remove the split.

(5) Use the final tree model for prediction or descriptive purposes.

7.1. Growing the Tree. Consider a STR-Tree model withK leaves and we want to test if the terminal

nodei∗ ∈ T should be split or not. Write the model as

yt =
∑

i∈T−{i∗}
β′iz̃tBJi (xt;θi)+

β′2i∗+1z̃tBJ2i∗+1 (xt; θ2i∗+1) + β′2i∗+2z̃tBJ2i∗+2 (xt;θ2i∗+2) + εt,

(14)

where

BJ2i∗+1 (xt; θ2i∗+1) = BJi∗ (xt; θi∗) G(xi∗t; γi∗ , ci∗)

BJ2i∗+2 (xt; θ2i∗+2) = BJi∗ (xt; θi∗) [1−G(xi∗t; γi∗ , ci∗)] .
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In a more compact form, Equation (14) maybe written as

yt =
∑

i∈T−{i∗}
β′iz̃tBJi (xt;θi)+

φ′z̃tBJi∗ (xt; θi∗) + λ′z̃tBJi∗ (xt; θi∗) G(xi∗t; γi∗ , ci∗) + εt,

(15)

whereφ = β2i∗+2 andλ = β2i∗+1 − β2i∗+2.

In order to test the statistical significance of the split, a convenient null hypothesis isH0 : γi∗ = 0
against the alternativeHa : γi∗ > 0. An alternative null hypothesis isH′0 : λ = 0. However, it is clear in

(15) that underH0, the nuisance parametersλ andci∗ can assume different values without changing the

quasi-loglikelihood function, posing an identification problem (Davies 1977, Davies 1987).

We adopt as a solution for this problem the one proposed in Luukkonen, Saikkonen, and Teräsvirta

(1988), that is to approximate the logistic function by a third-order Taylor expansion aroundγi∗ = 0.

After some algebra we get

yt =
∑

i∈T−{i∗}
β′iz̃tBJi (xt;θi) + α′0z̃tBJi∗ (xt; θi∗)+

α′1z̃tBJi∗ (xt; θi∗) xi∗t + α′2z̃tBJi∗ (xt;θi∗)x2
i∗t + α′3z̃tBJi∗ (xt; θi∗) x3

i∗t + et,

(16)

whereet = εt +λ′z̃tBJi∗ (xt; θi∗) R(xi∗t; γi∗ , ci∗) andR(xi∗t; γi∗ , ci∗) is the remainder. The parameter

vectorsαk, k = 0, . . . , 3 are function of the original parameters of the model.

Thus the null hypothesis becomes

H0 : α1 = α2 = α3 = 0. (17)

Note that underH0 the remainder of the Taylor expansion vanishes andet = εt, so that the properties of

the error process remain unchanged under the null and thus asymptotic inference can be used, yielding

the following result

THEOREM 8. If, under the null, the conditions of Theorem 8 are met,E(|xlt|8) < ∞, l = 1, . . . , q , and

εt ∼ NID(0, σ2), then

LM =
1
σ̂2

T∑

t=1

ûtν̂
′
t





T∑

t=1

ν̂tν̂
′
t −

T∑

t=1

ν̂tĥ′t

(
T∑

t=1

ĥtĥ′t

)−1 T∑

t=1

ĥtν̂
′
t





−1
T∑

t=1

ν̂tût (18)

whereût = yt −HJT(xt; ψ̂),

ĥt =
∂HJT(xt;ψ)

∂ψ

′∣∣∣∣∣
ψ=bψ

=

[
z̃tBJi1(xt; ψ), . . . , z̃tBJiK (xt; ψ),

β′i1 z̃t
∂BJi1(xt;θi1)

∂θi1

∣∣∣∣∣
θi1

=bθi1

, . . . ,
∂BJiK (xt; θiK )

∂θiK

∣∣∣∣∣
θiK

=bθiK

]′

and νt =
[
z̃tBJi∗xi∗t, z̃tBJi∗x2

i∗t, z̃tBJi∗x3
i∗t

]
, has an asymptoticχ2 distribution withm = 3(p + 1)

degrees of freedom.

The test can also be carried out in stages as follows:
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(1) Estimate model (5) withK regimes. If the sample size is small and the model is thus difficult

to estimate, numerical problems in applying the maximum likelihood algorithm may lead to

a solution such that the residual vector is not precisely orthogonal to the gradient matrix of

HJT(xt; ψ̂). This has an adverse effect on the empirical size of the test. To circumvent this

problem, we regress the residualsût on ĥt and compute the sum of squared residualsSSR0 =∑T
t=1 ũ2

t . The new residuals̃ut are orthogonal tôht.

(2) Regress̃ut on ĥt andν̂t. Compute the sum of squared residualsSSR1 =
∑T

t=1 v̂2
t .

(3) Compute theχ2 statistic

LMhn
χ2 = T

SSR0 − SSR1

SSR0
, (19)

or theF version of the test

LMhn
F =

(SSR0 − SSR1)/m

SSR1/(T − n−m)
, (20)

wheren = (q + 2)h + p + 1. Under H0, LMhn
χ2 has an asymptoticχ2 distribution withm degrees of

freedom andLMhn
F is approximatelyF -distributed withm andT − n−m degrees of freedom.

In case of the assumption of normal and homoskedastic errors is violated, than a robust version of the

test is available following the results inWooldridge (1990). A robust version of the LM type test, can be

carried out as follows:

(1) As before.

(2) Regresŝνt on ĥt and compute the residualsrt.

(3) Regress 1 oñεtrt and compute the sum of squared residualsSSR1.

(4) Compute the value of the test statistic

LM r
χ2 = T − SSR1. (21)

The test statistic has the same asymptoticχ2 null distribution as before.

7.2. Sequential Tests.To achieve the final tree model, we perform a sequence ofn correlated LM-type

tests of hypothesis in whichn is a random variable. During this sequence, the harmful decision to be

taken, according to the principle of tree-complexity as function of the number of terminal nodes, is to

decide erroneously for splitting a node. Due to multiplicity from repeated significance testing, we have to

control the overall type I error under the risk of an overstatement of the significance of the results (more

splits are reported to be significant than it should be). To remedy this situation, we adopt the following

procedure. For thenth test in the sequence, if it is performed in thedth depth the significance level is

α(d, n) = α
nd .

In the root node(d = 0) and we apply the first test(n = 1) for splitting the node at a significance

levelα, if the null is rejected than we the second(n = 2) test is applied in the1st depth(d = 1) and the

significance level isα/2. Then, if the tree grows by completing all depths, the significance level evolves

like α/3, α/42, α/52, α/63, α/73, α/84, α/94, etc. By forcing the test to be more rigorous in deeper

depths, we create a procedure that diminishes the importance of using post-pruning techniques.

There are several alternatives to control the overall size of the sequence of tests (Hochberg 1988,

Benjamini and Hochberg 1995, Benjamini and Hochberg 1997, Benjamini and Yekutieli 2000, Benjamini
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and Yekutieli 2001, Benjamini and Liu 1999). However, by our experiments, the simple methodology

described above seems to work quite well and the comparison between different techniques to reduce the

nominal size of each test is beyond the scope of the paper. In practice, different methodologies can be

tested and possible different architectures may be compared by their out-of-sample performance.

8. MONTE CARLO EXPERIMENT

9. REAL EXAMPLES

10. CONCLUSIONS
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Appendix A. PROOFS

Appendix B. COMPUTATIONAL ISSUES

Appendix B.1. Concentrated Least-Squares.Conditional on the knowledge of the parametersθi in (5), i ∈ T,

model (5) is just a linear regression and the vector of parametersβ = (βi)i∈T can be estimated by ordinary

least-squares (OLS) as

β̂ = [B(θ)′B(θ)]−1 B(θ)′y, (B.1)

wherey = (y1, . . . , yT )′, θ = (θi)i∈T, andB(θ) = (BJi(xt; θi)zt)i∈T,t=1,...,T .

The parametersθi are estimated conditionally onβ by applying the Levenberg-Marquadt algorithm which

completes theith iteration. As the NLS algorithm is sensitive to the choice of starting-values, we suggest the use

of a grid of possible starting-values.
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