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Introduction

Auction mechanism design has long been a field of interest in the Economics
and Game Theory communities. With the rise in electronic commerce and
high-profile auctions such as the Google IPO and FCC spectrum auctions,
the field of mechanism design for auctions has drawn a lot of attention
from theoretical Computer Science researchers in recent years. This paper
deals with auctions in situations where no previous knowledge of the bid
distributions is known, so that in fact the traditional Bayesian approach
that relies on prior knowledge is not applicable.
We study single-round sealed-bid combinatorial auctions: one seller wants
to auction k distinct items to a set of n consumers, and the auctioneer uses a
known mechanism to both allocate the items to consumers and to determine
the sale price of each item or set of items (bundles). It is assumed there is
no communication or coalition amongst consumers (sealed-bid auction).
The seller and consumers have somewhat conflicting interests, wherein
lies the interest in the problem. Each consumer has a valuation, i.e., a
price expressed in some common currency, for each bundle. The valuation
is privately held by the consumer, and is never made public. Each consumer
wants to maximize his or her own utility, that is, the difference between
his private valuation for the bundles purchased as a result of the auction,
and the actual price paid for these bundles. The consumer can misrepresent
his (her) true valuation for each bundle should he believe it will raise his
expected utility. On the other hand, the auctioneer wants to maximize the
total revenue of the auction, that is, the sum of all prices paid as a result of
the auction.
This game between seller and consumers is avoided with a suitable mechanism design: one that maximizes each consumer’s profit when the consumer
bids his true valuation on each bundle. These are known as truthful or incentive compatible mechanisms, and have been extensively studied.
The economic efficiency or social welfare of an auction is defined as the
sum of the valuations that each consumer attributes to the bundles he acquires. It relates to the social value of the auction and often enough, say,
on the FCC spectrum auctions, maximizing the efficiency is more important than maximizing the revenue even from the auctioneer’s perspective.
The famous Vickrey-Clarke-Groves(VCG) mechanisms [17, 5, 12] are early
truthful mechanisms and allow the allocation of items so as to maximize
total efficiency while giving incentive for truth-telling.
This paper studies the unit-demand combinatorial auction problem UDCAP [13] which consists of designing a mechanism for an auction in which
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multiple distinct items are being sold. Even though consumers bids on all
items they can only purchase a single item.
Our Results. Let v be the matrix defining the consumers’ valuations.
We use T (v) to denote the maximum possible revenue obtained by an ’omniscient’ auctioneer on a truthful auction. On the other hand, F(v) denotes
the maximum possible revenue obtained by the same auctioneer, on a truthful auction, under the constraint that a single price must be used to sell all
items. We use s to denote min{n, k} where n is the number of consumers
and k is the number of items in the auction.
Unlike most recent work on truthful auction mechanisms, we design
mechanisms that simultaneously achieve ’high’ revenue and ’high’ economic
efficiency with high probability. Our high-probability results depend on the
weak assumption that a small number of consumers cannot generate revenue
close to T (v) (a constant factor of T (v)).
We devise a randomized truthful mechanism that achieves Ω(T (v)/ ln s)
revenue and Ω(T (v)) efficiency with high probability.1 In addition, we show
that for every randomized truthful auction mechanism A there exists a valuation matrix v such that the ratio between T (v) and the expected revenue
achieved by A is Ω(ln s), which is matched by our mechanism.
Our mechanism can be viewed as a particular implementation of a more
general approach that shows a trade-off between economic efficiency and
revenue. Our approach is a generalization of the scheme employed in [11]
for unlimited-supply single-item auctions and consists of dividing consumers
in two groups, and using one group’s bids to estimate a suitable number of
items to sell to the consumers of the other group. It then uses a VCG
mechanism with this limited number of items to decide both the allocation
and the sale prices.
By adjusting our estimate of how many items should be sold we can favor
maximizing efficiency or revenue. If we implement our mechanism so as to
favor revenue we obtain an auction mechanism that achieves an Ω(F(v))
revenue with high probability. We note that proving an Ω(F(v)) bound is
stronger than proving an Ω(T (v)/ ln s) bound, since the inequality F(v) ≥
T (v)/ ln s always holds and, in fact, we may even have F(v) = Ω(T (v)).
By combining this last strategy with the VCG mechanism for UDCAP
and with an auction that only sells one item we attain an auction mechanism
that achieves Ω(F(v)) expected revenue and Ω(T (v)) expected efficiency
under very weak assumptions. However, in this case we do not have high
concentration around the mean.
1

Throughout this work we do not focus on optimizing constant factors
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Finally, we shall mention that our results extend to a more general case
where every consumer may purchase a bundle with at most d items, where
d is a constant which does not depend on n or k. In this case, however,
our mechanism requires exponential time. We defer this discussion to an
extended version of this paper.
Related Work. Two natural goals for designing combinatorial auctions
mechanisms have been considered in the literature: maximizing the revenue
[11, 9, 16, 10, 6, 7, 13] and maximizing the efficiency [14, 1, 2, 4]. Some of the
papers that focus on maximizing the efficiency also discuss revenue issues.
However, what is usually done is to compare the revenue achieved by the
proposed auction mechanisms with that achieved by the VCG mechanism.
While VCG mechanisms are widely known and it might be interesting to
understand how the revenue of a new auction mechanism relates to it, the
revenue achieved by VCG can be low, even 0, which makes it an undesirable
benchmark.
With regards to the revenue aspect, our work is related to the series
of papers by J. Hartline and others [6, 9, 10, 11, 7, 13]. Most of these
papers study the problem of auctioning off an unlimited number of identical
copies of a single item. In [9], Goldberg and Hartline handle the problem of
auctioning distinct items in unlimited supply, and mention the UDCAP as
an open problem.
The paper most closely related to ours is by Guruswami et al. [13], where
an interesting mechanism is proposed for the UDCAP. Their mechanism
achieves Ω(T (v)/ log h)) revenue, where h is the ratio between the largest
and lowest bid values and consists of randomly selecting reserve prices for a
VCG auction. Their approach, however, has some potential disadvantages:
it relies on previous knowledge about the range of the bids; the revenue is
not highly concentrated around the mean; the revenue can be at a O(log h)
factor from F(v), even if h is bounded by a polynomial in n. This contrasts
with our mechanism that achieves an expected revenue of either Ω(F(v))
or Ω(T (v)/ ln s) with high probability, depending on whether we want to
maximize revenue or economic efficiency. For the sake of fairness, it should
be mentioned that, as opposed to ours, their mechanism produces envy-free
allocations.
The definition of a suitable benchmark to compare the revenue of a truthful auction with is not trivial as pointed out in [1]. F (and its variations)
has been proved a reasonable metric for evaluating the revenue generated by
single-item auction mechanisms [11, 7]. In [13], Guruswami et al. propose
to use the envy-free metric (see Section 4), a natural generalization of the
F metric, as a target for the UDCAP mechanisms. We show in Section 4
3

that for every truthful auction A there exists a valuation matrix v such that
the ratio between the optimum envy-free revenue for v and the expected
revenue achieved by A is Ω(ln s).

2

Preliminaries

The auctions considered in this paper work as follows: let C = {1, 2, . . . , n}
be a set of consumers and let I be a set of k distinct items. We use s to
denote min{|C|, |I|}. Each consumer submits a bid for each item in I. Based
on these bids, the auctioneer allocates at most one item to each consumer
and determines the sale price of each allocated item. We denote the bid
of consumer i for item j by bi (j). If j is allocated to i then i buys item j
for a sale price pj , where pj ≤ bi (j). We disregard the situation in which a
number of copies of each item is available, but it can easily be modeled.
We assume that the mechanism, that is, both the allocation and the pricing strategy, employed by the auctioneer is publicly known. The following
assumptions are made about the consumers:
• For every pair (i, j) ∈ C ×I, consumer i has a private valuation vi (j) ≥
0 for item j. The valuation vi (j) is the maximum price for which i
would be willing to buy item j.
• If consumer i buys item j, then his profit(utility) is ui = vi (j) − pj .
• Consumers are rational and will submit bids that try to maximize their
utilities.
• Consumers do not collude.
• The consumers in the auction are indistinguishable from the perspective of the auctioneer.
Depending on the mechanism used by the auctioneer, the consumers
might be able to increase their utility by presenting bids that misrepresent
their valuations. An auction A is truthful if the best strategy for each consumer is to submit his own valuations regardless of his beliefs on the bidding
strategies employed by the other consumers. Rational consumers will bid
their valuations in truthful auctions.
The input for a deterministic truthful auction A can be viewed in terms
of a weighted complete bipartite graph G among consumers and items. The
cost c(ei,j ) of the edge ei,j (associating the i-th consumer to the j-th item)
is vi (j).
The output of the auction A, for input G, is a pair (M, p), where M =
|M |
∪i=1 ei is a matching of G and p = (p1 , . . . , p|M | ) is a vector defining the
4

sale price of every item allocated by M . We must have pi ≤ c(ei ), for
i = 1, . . . , |M |. The revenue R(A(G)) is the sum of the prices assigned to
the items of M and the efficiency W(A(G)) is the sum of the costs of the
edges of M . Clearly, W(A(G)) ≥ R(A(G))
In this paper, we are interested in randomized auctions, which are probability distributions over deterministic auctions. Following [8], we adopt a
notion of randomized truthfulness in which a randomized truthful auction
is a probability distribution over the set of deterministic truthful auctions.
We use h to refer to the highest bid in the auction or, equivalently, the
cost of the most expensive edge of G. Finally, for a consumer i, we use G−i
to denote the subgraph induced in G by the removal of i from the set of
vertices of G.

2.1

Competitive Framework

We say that the revenue of a randomized auction A on an input graph G is
α revenue-competitive with a metric M if E[R(A(G))] ≥ M(G)/α.
Next we define two metrics that will be used in our competitiveness
criteria throughout the paper. Let H = (V, E) be a weighted bipartite graph.
Furthermore, let M be a matching in H and let e0 be the lowest weight edge
P
T
of M . We define F(M ) = |M | × c(e0 ) and T (M ) = e∈M c(e). We use MH
F ) to denote the largest matching of H that maximize T (·) (F(·)). We
(MH
F ) and T = T (M T ). For the sake of simplicity, we use
define FH = F(MH
H
H
T and F to refer to TG and FG , respectively.
We also use the concept of competitiveness to evaluate the economic efficiency achieved by our auction mechanisms. However, it only really makes
sense to compare the efficiency to T . Thus, we say that a randomized mechanism A is β efficiency-competitive for an auction G if E[W(A(G))] ≥ T /β.
We note that for every truthful auction A and every input graph G,
R(A(G)) ≤ W(A(G)) ≤ T . As we shall see in the propositions that follow, both F and T provide reasonable comparison points for the revenue of
truthful auctions.
Proposition 1 F ≥ T / ln s, where s = min{|C|, |I|}.
Proof. Let e1 , . . . , es be the edges of MGT sorted in non-increasing order of
costs and let ej ∗ be the edge that maximizes j ∗ × c(ej ∗ ). We have that
c(ei ) ≤

j ∗ × c(ej ∗ )
,
i
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for i = 1, . . . , s. Adding all these inequalities we conclude that j ∗ × c(ej ∗ ) ≥
T / ln s. Let M be the sub-matching of MGT defined by its j ∗ most expensive
edges. Thus, F ≥ F(M ) ≥ T / ln s
The next proposition shows that there exists a single matching M that
has ’high’ values for both T (·) and F(·).
Proposition 2 There is a matching M in G such that F(M ) ≥ T /(2 ln s)
and T (M ) ≥ T /2.
Proof.Let e1 , . . . , es be the edges of MGT sorted in non-increasing order of
weights and let i∗ be the largest number such that i∗ × c(ei∗ ) ≥ T /2 ln s.
The existence of such an i∗ is ensured in the proof of the Proposition 1.
∗
Define M as ∪ij=1 ej . Clearly, F(M ) ≥ T /2 ln s.
T
For j > i∗ , we have that c(ej ) < 2j×ln
s . By adding these inequalities we
obtain that
s
X
T × (ln s − ln i∗ )
T
c(ej ) ≤
≤
2 ln s
2
j=i∗ +1
Thus, T (M ) =

2.2

Pi∗

j=1 c(ej )

≥ T /2

Approximation matchings

Next, we introduce the concept of an approximation matching for a sequence
of matchings. This is used in Section 3.2 as a technical tool to ensure
that one of the auctions mechanisms proposed in this paper reaches their
expected revenue and efficiency with high probability. Roughly speaking,
given a sequence S of matchings in a graph G, the approximation matching
A for S has the property that for every matching S of S there is a submatching A0 of A whose size is at a constant factor of S and, moreover,
F(A0 ) ≥ minS∈S {F(S)}/2 and T (A0 ) ≥ minS∈S {T (S)}.
For an increasing sequence of integers J, let min(J) = min{j|j ∈ J},
max(J) = max{j|j ∈ J} and pred(j) be the largest integer of J smaller
than j, for j ∈ J \ min(J).
Definition 1 Let (Mj )j∈J be a sequence of matchings in G, where |Mj | = j,
for every j ∈ J. We define the sequence (Aj )j∈J as follows:
(

Aj =

Mj if j = min(J)
Apred(j) ∪ {e|e ∈ Mj and Apred(j) ∪ e is a matching}, otherwise

We call Amax(J) the approximation matching for the sequence (Mj )j∈J .
6

Example 1 Let G = (V1 ∪ V2 , E) be a complete bipartite graph where V1 =
{1, 3, 5, 7, 9} and V2 = {2, 4, 6, 8, 10}. Let us consider the sequence of matchings M2 , M3 , M5 , where M2 = {(1, 2), (3, 6)}, M3 = {(1, 2), (3, 8), (4, 10)}
and M5 = {(1, 2), (3, 4), (5, 6), (7, 8), (9, 10)}.
Then, we have A2 = {(1, 2), (3, 6)}, A3 = {(1, 2), (3, 6), (4, 10)} and A5 ,
the approximation matching, is {(1, 2), (3, 6), (4, 10), (7, 8)}
The following lemma states crucial properties regarding the approximation matching.
Lemma 1 Let (Mj )j∈J be a sequence of matchings in G, where |Mj | = j,
for every j ∈ J. Furthermore, let A be the approximation matching of
(Mj )j∈J . Then, for every j ∈ J, there is a sub-matching A0 of A such
that: (i) max{min(J), j/2} ≤ |A0 | ≤ 2j ; (ii) T (A0 ) ≥ T (Mmin(J) ) ; (iii)
F(A0 ) ≥ min{F(Mi )|i ∈ J}/2 and (iv) If e0 is the edge of lowest cost in A0 ,
then c(e0 ) ≥ c(e), for every edge e that belongs to the matching A \ A0 .
Proof. We refer to Appendix A

3

A Truthful Mechanism for the Unit-Demand Combinatorial Auction Problem

In this section we introduce UDCAM , the main auction mechanism proposed
in this paper. The auction Al defined below is used as a sub-auction of the
UDCAM auction. Al is a variation of the VCG auction mechanism where
the parameter l limits the number of items that can be sold. In fact VCG
mechanism is exactly the mechanism As .
Mechanism Al (H: Graph):
1. The allocation is defined by the matching M of H that maximizes T (·)
among all the matchings in H of size l.
2. If M assigns the consumer i to the item j, then the sale price of j
is pj = vi (j) − T (M ) + T (M−i ), where M−i is the matching that
maximizes T (·) among all the matchings in H−i of cardinality l.
The next lemma helps us bound the revenue achieved by auctions that
use Al .
Lemma 2 Let H be a weighted complete bipartite graph in which there is a
matching M 0 with 2l edges and weights at least y. Then R(Al (H)) ≥ l × y.
7

Proof. Let M be the matching determined by Al (H). It suffices to argue
that pj = vi (j) − T (M ) + T (M−i ) ≥ y, for every consumer i touched by M .
Since |M 0 | ≥ 2l, it follows that there is e ∈ M 0 such that M ∪ e − eij is
a matching in H−i . Thus, T (M−i ) ≥ T (M ∪ e − eij ) ≥ T (M ) − vi (j) + y
and, as a consequence, pj = vi (j) − T (M ) + T (M−i ) ≥ y
If we could truthfully determine a suitable value l to apply the best mechanism Al on any set of input bids, the resulting mechanism would achieve
O(1) revenue-competitiveness with F and log s efficiency-competitiveness.
By simply choosing l randomly from the set 1, 2, · · · , 2blog sc , we can build
an auction mechanism similar to that obtained in [13].
Instead, we focus on obtaining mechanisms that achieve the expected
revenue (and efficiency) with high probability. Our high-probability results
depend on not having too few consumers that are important for the auction,
that is, not having too few consumers that contribute with a large constant
fraction of the revenue and efficiency to the auction. This assumption is a
fairly natural extension of the assumption that the highest bid is not much
larger than the second highest bid in single-item auctions, which turns out
to be a necessary condition for designing competitive mechanisms for singleitem auctions [8].
The idea behind UDCAM is the fact that there is a value l, that depends
on G, for which Al achieves “high” revenue and “high” efficiency. Since we
do not know how to compute the optimum l truthfully, the mechanism splits
the consumers into two groups and uses one of them to estimate a suitable
value of l. At the end, the sub-auction Al is run for the consumers of the
other group. As shown in the pseudo-code below, the auction is indexed by
a function f that maps a weighted bipartite complete graph into an integer.
The role of f is determining the value of l for which Al is executed. Its
definition will determine the welfare, the revenue and the time complexity
of the auction mechanism.
Mechanism U DCAMf :
1. Flip a fair coin n times to split the consumers into two groups. Let
GL (GR ) be the bipartite graph induced by the consumers of the left (right)
group and the set of all items.
2. Run Af (GL ) (GR )
For a function f that maps GL into an integer, the mechanism above is
truthful since it belongs to the VCG family.
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3.1

The Revenue function

First, we investigate a definition of f that ensures that U DCAMf is O(1)
revenue-competitive with F and O(ln s) efficiency-competitive.
Rev(GL :graph)
1. Let M 1 be the largest (w.r.t. the number of edges) matching in GL
such that F(M 1 ) ≥ FGL /3.
2. Return b|M 1 |/6c.
Recall that we use MGF to denote the largest matching of G that maximizes F(·). The next theorem shows that the probability that U DCAMRev
obtains an expected revenue of Ω(F) quickly approaches 1 as |MGF | grows.
Theorem 1 There exists a constant K0 such that U DCAMRev is both O(1)
revenue-competitive with F and O(ln s) efficiency-competitive with probability at least 1 − (|M F74|/108) , for every auction graph G where |MGF | ≥ K0 .
e

G

Proof. For every j, let Mj be a matching of size j in G which maximizes
F(·). The matching Mj is said to be good if j ≥ |MGF |/3 and F(Mj ) ≥ F/9.
Let J be the set of integers defined as J = {j|Mj is a good matching }.
For every j ∈ J, let Cj be the set of consumers of matching Mj . With
respect to Step 1 of the UDCAM auction, we define the event Ej as the
event in which the number of consumers of Cj that lie in the left group is
S
at least j/3 and at most 2j/3. Furthermore, let E = j∈J Ej .
In what follows we make some observations under the assumption that
E occurs. Let M 0 be the sub-matching of MGF induced by the consumers
of MGF that lie in GL . Then, M 0 has at least |MGF |/3 edges and F(M 0 ) ≥
F/3 ≥ FGL /3. This implies that FGL ≥ F/3 and |M 1 | ≥ |MGF |/3.
Since F(M 1 ) ≥ FGL /3 it follows that F(M 1 ) ≥ F/9 and, as a consequence, |M 1 | ∈ J. Therefore, there are at least d|M 1 |/3e consumers of
C|M 1 | in the right group, which implies on the existence of a matching in
GR , say M 2 , of size d|M 1 |/3e, where every edge costs at least F/(9|M 1 |).
Thus, it follows from Lemma 2 that the revenue of Ab|M 1 |/6c (GR ) is at least
b|M 1 |/6c×F/(9|M 1 |) = Ω(F). Since Lemma 1 guarantees that F ≥ T / ln s,
it follows that the welfare is Ω(T / ln s).
Now, we obtain a bound on the probability of event E happening. A
direct application of the Chernoff Bound [15] ensures that the probability
of event Ej not happening is at most 2e−j/36 . Applying the union bound we
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get that the probability of failure of E is at most
X

−j/36

2e

∞
X

≤

F

−j/36

2e

F |/3e
j=d|MG

j∈J

2e−|MG |/108
74
≤
≤
F
−1/36
|M
1−e
e G |/108

We note that the condition on the size of MGF required in the previous
theorem is implied by a perhaps more intuitive condition that states that
a small (constant) number of consumers cannot contribute to the overall
welfare with more than T / ln s.
If we do not concern ourselves with achieving high probability we can
obtain a simple auction that is O(1) revenue-competitive with F and O(1)
efficiency-competitive for every auction graph G such that |MGF | > 1.
Theorem 2 Let Mixed be the auction mechanism that executes one of the
following mechanisms with uniform probability: U DCAMRev , A1 and V CG.
Then, Mixed is O(1) revenue-competitive with F and O(1) efficiency-competitive
for every graph G such that |MGF | > 1.
Proof. It is well known that V CG mechanism attains the optimal efficiency
T . Since V CG is executed with probability 1/3, then the expected welfare
is at least T /3.
Let c be the consumer that bids h, the highest bid in the auction, and
let h2 be the highest bid in the auction defined by G−c . Note that the
revenue of A1 is h2 . If, say, |MGF | ≥ 500, the Theorem 1 ensures that
U DCAMRev achieves an expected revenue of Ω(F). On the other hand, if
1 < |MGF | < 500, then F ≤ 500h2 . Since A1 (G) is executed with probability
1/3, then the expected revenue is Ω(F).

3.2

A Bicriteria Competitive Auction

Now, we investigate a second definition of f that ensures that U DCAMf
is O(ln s) revenue-competitive with T and O(1) efficiency-competitive with
high probability. The assumptions required are even weaker than those
required in Theorem 1. This new function, called Bic, estimates the size of
the matching in G that satisfies the conditions in Proposition 2.
Bic(GL : graph )
1. Let e1 , . . . , e|M T

GL |

be the edges of MGT L listed by non-increasing or-

der of costs. Let i∗ be the largest integer such that i∗ × c(ei∗ ) ≥
TGL /(2 ln |MGT L |).
10

S∗

2. Define Mb1 = ij=1 ej . Return b|Mb1 |/12c.
The main result of this section is the following theorem.
Theorem 3 Let K1 be the maximum integer such that T (M ) < T /8, for every matching M in G, with |M | ≤ K1 . U DCAMBic (G) is O(ln s) revenuecompetitive with F and T and O(1) efficiency-competitive with probability
.
at least 1 − eK148
1 /36
The proof consists of showing that with the probability stated above
there is a matching M ∗ in GR such that: (i) |Mb1 |/6 ≤ |M ∗ | ≤ (4|Mb1 |)/3;
(ii) F(M ∗ ) = Ω(T / log s) and (iii) T (M ∗ ) = Ω(T ).
The next lemma shows that the existence of such a matching indeed
ensures that the mechanism performs as desired.
Lemma 3 If there is a matching M ∗ in GR that satisfies the properties
(i)-(iii) above, then W(ABic(GL ) (GR )) = Ω(T ) and R(ABic(GL ) (GR )) =
Ω(T / ln s).
Proof. Let M 2 be the matching of size b|Mb1 |/12c computed by ABic(GL ) (GR ).
Since M ∗ has at most (4|Mb1 |)/3 edges, the sum of the costs of the b|Mb1 |/12c
most expensive edges of M ∗ is at least b|Mb1 |/12c × 3T (M ∗ )/(4|Mb1 |). It follows that T (M 2 ) = Ω(T ).
On the other hand, since F(M ∗ ) = Ω(T / ln s), then all the edges of M ∗
cost at least KT /(|M ∗ | ln s), where K is the constant hidden in the Ω().
Since 2|M 2 | = 2b|Mb1 |/12c ≤ |Mb1 |/6 ≤ |M ∗ |, it follows from Lemma 2 that
the revenue is at least b|Mb1 |/12c × KT /(|M ∗ | ln s). By using the fact that
|M ∗ | ≤ (4|Mb1 |)/3, we conclude that the revenue is Ω(T / ln s)
Thus, it suffices to prove the existence of such a matching. The following
definition is useful in our proofs.
Definition 2 Given a matching M in G, let Cj be the set of consumers
associated to the j most expensive edges of M . Let Ej be the event where
at least j/3 consumers of Cj lie in the left group and at least j/3 lie in the
S|M |
right one. Finally, let EM = j=K1 Ej .
Two properties of EM are useful for our analysis: the failure probability
of EM decreases exponentially with increases in K1 and if EM occurs then
the edges of M are “evenly” distributed between GL and GR in the sense
that the sub-matching of M induced by the consumers that lie in GL has
approximately the same cost (w.r.t F and T metrics) of that induced by the
consumers that lie in GR . The following two propositions formalize these
observations.
11

Proposition 3 The probability of failure of EM is at most 74e−K1 /36
Proposition 4 Let M be a matching in G, with |M | > K1 . If EM occurs
then the sub-matching M 0 of M induced by the consumers of M that lie in
GL (GR ) satisfies the following properties: F(M 0 ) ≥ F(M )/3 and T (M 0 ) ≥
T (M )/3 − T /24
The proof of Proposition 3 follows from a direct application of Chernoff
bound [15]. For the proof of Proposition 4 we refer to Appendix B.
Now, we redefine the concept of a good matching. We say that a matching M of G is good if F(M ) ≥ T /(7 ln s) and T (M ) ≥ T /7. The existence
of at least one good matching is guaranteed by Proposition 2. Let J be an
increasing sequence of integers such that j ∈ J if and only if there is a good
matching in G of cardinality j. For every j ∈ J, let Mj be an arbitrary
good matching of size j. Note that the definition of good matchings and the
assumption over K1 in Theorem 3 imply that min(J) > K1 .
Proposition 5 Let A be the approximation matching of (Mj )j∈J . If the
event EM T ∪ EA happens then there is a matching in GR that meets the
G
conditions (i)-(iv).
Proof. First, we show that if EM T occurs then there is a good matching
G

of size |Mb1 | in G. Let M 0 be the sub-matching of MGT induced by the
consumers of MGT that lie in GL . It follows from Proposition 4 that T (M 0 ) ≥
T /3 − T /8 ≥ 7 × T /24. Thus, T (MGT L ) ≥ T (M 0 ) ≥ 7 × T /24. The
definition of Mb1 and Proposition 2 imply that T (Mb1 ) ≥ (7 × T )/48 and
F(Mb1 ) ≥ 7 × T /(48 ln s). Thus, Mb1 is a good matching in G.
Since there is a good matching in G of size |Mb1 |, it follows from Lemma 1
that there is a sub-matching A0 of the approximation matching A such that
max{min(J), |Mb1 |/2} ≤ |A0 | ≤ 2|Mb1 |, T (A0 ) ≥ T /7 and F(A0 ) ≥ T /14 ln s.
Since EA happens and |A0 | ≥ min(J) > K1 , then EA0 also happens. Let
A00 be the sub-matching of A0 induced by the consumers of A0 that lies in
GR . It follows from Proposition 4 and the previous observation about A0
that |Mb1 |/6 ≤ |A00 | ≤ (4|Mb1 |)/3, T (A00 ) ≥ T /168 and F(A00 ) ≥ T /42 ln s.
Thus, A00 meets the conditions (i)-(iv), which establishes our result.
Proof of Theorem 3. If the event EM T ∪ EA happens, it follows from PropoG
sition 5 and from Lemma 3 that ABic(GL ) (GR ) achieves Ω(T ) efficiency and
Ω(T / ln s) revenue.
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On the other hand, it follows from Proposition 3 that EM T ∪EA fails with
G

probability at most 148e−K1 /36 . Thus, EM T ∪ EA happens with probability
G

at least 1 − 148e−K1 /36 .

Both U DCAMRev and U DCAMBic can be implemented in polynomial
time. For details we refer to Appendix C.
We remark that by modifying the choice of i∗ in the function Bic we
obtain a trade-off between welfare and revenue. For instance, if we select i∗
as the largest integer such that i∗ × c(ei∗ ) ≥ FTGL /12 we obtain an auction
mechanism for which we can prove both efficiency and revenue bounds similar to those given by Theorem 1. We defer a deeper discussion of this issue
for an extended version of this paper.

4

Lower Bounds

In this section we show lower bounds on the competitive ratio of truthful
mechanisms for the UDCAP.
The notion of bid independence proved very useful when dealing with
a single item auction: an auction is bid independent if given a bid vector
b = (b1 , b2 , · · · , bn ) the sale price for consumer i can be specified as a function
pi = f (b−i ), that is, consumer i buys the item iff his bid is at or above pi ,
but the price pi does not depend on the actual bid given by i.
Bid independence implies truthfulness for single item auctions, and in
fact Goldberg et al [8] prove that (single-item with unlimited copies) auctions are truthful iff they are equivalent to bid independent auctions. This
theorem is key to proving their competitive results.
Unfortunately this theorem does not translate directly to the UDCAP
problem. Consider the VCG mechanism applied to the UDCAP problem: it
is neither bid-independent nor equivalent to a bid-independent auction since
when a consumer changes his bids the assignment of consumers to items may
change. Thus it cannot be phrased as a bid independent mechanism, and
yet this is a truthful mechanism. A weaker version of this theorem holds for
UDCAP auctions:
Proposition 6 Let G = (V, E) and G0 = (V, E) be two auction graphs that
differ only in the weights of the edges associated with the i − th consumer.
A truthful UDCAP mechanism that sells the same item to i on either G or
G0 must charge the same price from i on both auctions.
Proof. Follows directly from the definition of truthfulness.
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Definition 3 An envy-free allocation for an auction graph G is a pair
(M, p) that satisfies the following conditions:
a) M is a matching in G and p = (p1 , . . . , p|I| ) is a vector defining the
price of every item in I.
b) Whenever some item j 0 satisfies vi (j 0 ) − pj 0 > 0 then an item is
allocated to consumer i.
c) if M allocates item j to consumer i, then vi (j) − pj ≥ vi (j 0 ) − pj 0 , for
every j 0 ∈ I.
The intuition behind the definition of envy-free allocations is that all
consumers should be content with such an allocation, since given the price
vector p, no item would bring profit to a consumer that does not receive any
item, whereas all other consumers are allocated to the items that maximize
their profit.
For an envy-free allocation (M, p), let I(M ) be the set of items allocated
P
by M and let N (M, p) = i∈I(M ) pi be the revenue achieved by the allocation. Being (M ∗ , p∗ ) the envy-free allocation which maximizes N (·) among
all the envy-free allocations for G, we define NG = N (M ∗ , p∗ ).
Now, we show that no randomized truthful mechanism is o(ln s) revenuecompetitive with N . As in [7], our proof employs the Yao’s minmax principle
for online algorithms [3]. We need the following lemma
Lemma 4 Let H be a spanning subgraph of G such that the lowest weight
edge eh in H and the largest weight edge eG\H in G \ H satisfy c(eh ) ≥
c(eG\H ). If the maximum node degree of H is d, then NG ≥ TH /d
Proof. We refer to appendix D.
Theorem 4 No truthful UDCAP mechanism is o(ln s) revenue-competitive
with neither N nor T .
Proof. Let us consider an auction with n consumers and n items. Let D
be a probability distribution over the bids of the n consumers. In terms
of graphs, D induces a probability distribution over the costs of the edges
of the complete bipartite graph between the n consumers and the n items.
Let A∗ be the deterministic truthful auction mechanism that achieves the
maximum possible expected revenue for D. The Yao’s minmax principle for
online algorithms ensures that ED [NG ]/ED [R(A∗ (G))] is a lower bound on
the revenue-competitive ratio of any randomized truthful auction mechanism
with N metric.
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Thus, we define a suitable distribution D and then we give bounds on
both ED [R(A∗ (G))] and ED [NG ]. We represent the consumer bids by a
matrix b. For i, j ∈ {1, . . . , n}, we use bi (j) to denote the bid of consumer i
P
for item j. Let S = ni=1 1/i2 and let i+ = (i mod n) + 1, for i = 1, . . . , n.
The distribution D is defined as follows: for i, x ∈ {1, . . . , n}, (i) P r[bi (i) =
x] = 1/(S × x2 ); (ii) bi (i+ ) = bi (i) and (iii) bi (j) = 1/2 if j 6= i and j 6= i+ .
The goal of this distribution is to assure that each consumer offers nonnegligible values for a few items and that every item receives non-negligible
bids.
Let B be the set of bid matrices that appear with positive probability
in D. We give an upper bound on the contribution of a consumer i to
ED [R(A∗ (G))]. For b ∈ B, we use b−i to denote the submatrix of b which
defines the bids of all consumers but i. Let B−i = {b−i |b ∈ B}.
Claim 1 Let b0 ∈ B−i . Then, the contribution of consumer i to ED [R(A∗ (G))]
due to bid matrices b, for which b−i = b0 , is at most 5 × P r[b0 ].
The proof of this claim employs Proposition 6 to limit the prices that
a consumer can pay for either item i or i+ . Due to the space constraints
we move the proof for Appendix E. By summing over all b0 ∈ B−i , we get
that the total contribution of consumer i is at most 5. Thus, the expected
revenue obtained by summing over all consumers is at most 5n.
Now, we analyze the expected revenue ED [NG ] of the best possible envyfree allocation. Let G be a graph that happens with positive probability in
the distribution D and let H be the subgraph of G induced by the edges
that connect the consumers to the items for which they offer at least 1 unit.
Clearly, H is a spanning subgraph of G and its edges respect the conditions
of Lemma 4. Since the maximum node degree in H is 2, then it follows from
Lemma 4 that NG ≥ TH /2. In addition, it is easy to check that TG = TH .
Thus, we have that ED [NG ] ≥ ED [TG ]/2. However, one can show that
ED [TG ] = Ω(n ln n) (for details we refer to Appendix F).
Since ED [NG ]/ED [R(A∗ (G))] = Ω(ln n), it follows from Yao’s principle
that no randomized truthful mechanism can be o(ln n) revenue-competitive
with N metric. Since T ≥ N always holds, then no randomized truthful
mechanism can be o(ln n) revenue-competitive with T metric.
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A

Proof of Lemma 1

First, we note that if we obtain a sub-matching A00 of A that satisfies (i) −
(iii), then we can define A0 as a submatching of A that contains its |A00 | most
expensive edges. In this case, A0 clearly satisfies (i) − (iv). Thus, it suffices
to show the existence of a a submatching of A that satisfies (i) − (iii).
The proof consists of showing the existence of a sub-matching A00 of A
that satisfies (i) and then arguing that A00 satisfies (ii) and (iii).
Fix j ∈ J. First, we show that |Aj | ≥ j/2. For the sake of contradiction,
we assume that |Aj | < j/2. In this case, Aj ∪ e is a matching for some edge
e ∈ Mj , which contradicts the definition of Aj . If we also have that |Aj | ≤
2j we set A00 = Aj . Otherwise, let us consider the minimum i such that
|Ai | > 2j. Clearly, min(J) < i ≤ j. Then, |Apred(i) | ≤ 2j. Furthermore, the
definition of sequence (Aj )j∈J implies that |Ai | ≤ |Apred(i) |+i ≤ |Apred(i) |+j.
Since |Ai | > 2j, it follows that |Apred(i) | ≥ j. In this case, we set A00 =
Apred(i) .
Statement (ii). By construction Mmin(J) ⊆ Aj , for every j ∈ J. Thus,
T (A00 ) ≥ T (Mmin(J) ).
Statement (iii). The proof of statement (i) ensures that A00 = Aj , for
some j ∈ J. Thus, it suffices to show that F(Aj ) ≥ min{F(Mi )|i ∈ J}/2,
for every j ∈ J. We use induction on the elements of J. For j = min(J)
the result holds since Amin(J) = Mmin(J) . Let us assume result the holds for
pred(j). Let e0 be the lightest edge of Aj . We have two cases:
(a) e0 ∈ Apred(j) . Since |Aj | ≥ |Apred(j) |, it follows that F(Aj ) ≥
F(Apred(j) ) ≥ min{F(Mi )|i ∈ J}/2, where the last inequality follows from
the induction hypothesis.
(b) e0 ∈ Mj . Since |Aj | ≥ |Mj |/2, we have F(Aj ) ≥ F(Mj )/2.

B

Proof of Proposition 4

Since EM occurs, then at least d|M |/3e consumers of M lie in GR . Thus,
F(M 0 ) ≥ F(M )/3. The proof of the second property makes use of the
following technical lemma.
Lemma 5 Let B = (bi )ti=1 be a non-increasing sequence of t positive numbers. For p ≤ t, let Bp = (bi )pi=1 . Furthermore, let K be an integer and let S 0
be a subset of {1, . . . , t} that satisfies the following condition: for K ≤ j ≤ t,
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at least j/3 elements of {1, . . . , j} belong to S 0 . Then
X

bi ≥

i∈S 0

t
X

!

bi /3

i=K

Proof. Through interchanging arguments we can show that S 0 = {i|2K/3 <
i ≤ K} ∪ {3i|K/3 < i ≤ bt/3c} is the feasible choice for S 0 that minimizes
P
i∈S 0 bi .
Since B is non-increasing we have that
bt/3c

3

X

bi ≥ 3

i∈S 0

X

b3i ≥

i=K/3

t
X

bi ,

i=K

which establishes the result.
Proof of the proposition. We assume w.l.o.g. that M 0 is the sub-matching
induced by the consumers of M that lie in GL . Defining B as the sequence of the weights of the edges of M sorted by non-increasing order.
The occurrence of EM implies that the conditions of Lemma 5 holds. Thus,
T (M 0 ) = (T (M ) − D)/3, where D is the sum of the costs of the K1 most
expensive edges of M . The hypothesis under matchings of size K1 implies
that D ≤ T /8, which completes the result.

C

Time Complexity Analysis

Here, we argue that the auction mechanisms proposed in the paper run in
polynomial time. First, we show that Al (H) runs in polynomial time. Given
a weighted bipartite graph H = (V1 ∪ V2 , E) we construct a weighted unitcapacity network flow N = (V ∪ {s, t}, E ∪ E 0 ), where s (t) is the network
source (terminal) and E 0 = {(s, v)|v ∈ V1 } ∪ {(v, t)|v ∈ V2 }. The edge of
E connecting the consumer i to the item j has cost −vi (j). On the other
hand, all of the edges in E 0 have weight 0. The matching which maximizes
T (·) among all the matchings of size l in H corresponds to the minimum
cost flow in N when the terminal t needs to receive l units of flow from the
source s. Thus, Al (H) runs in polynomial time.
In order to implement the Rev function we need to evaluate FGL and
then |M 1 |. Let GL = (VL , EL ). For a positive real value x, let K(x) be the
largest matching in GL where all the edges cost at least x. It is not hard to
see that
FGL = max {vi (j) × |K(vi (j))|}
ij∈EL
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and that
|M 1 | = max {|K(vi (j))|}
ij∈EL

constrained to |K(vi (j))| × vi (j) ≥ FGL /3.

D

Proof of Lemma 4

We construct an envy-free allocation (M, p) for H. Let E(H) be the edges
of H. The allocation M is obtained following the greedy procedure below
M ← ∅; Eaux ← E(H).
While Eaux is not empty
ei,j ← edge of Eaux with maximum cost (ties are arbitrarily broken).
M ← M ∪ ei,j
Remove from Eaux :
Every edge that touches i and
Every edge ei0 ,j 0 such that ei,j 0 ∈ E(H).
The price vector p is defined as pj = bi (j) if j is allocated to the consumer
i and pj = ∞ if j is not allocated to any consumer. It is easy to check that
(M, p) is an envy-free allocation for G.
In order to prove that NG ≥ TH /d, let e1 , e2 , . . . , e|M | be the edges of M
sorted in the order they were added to M . Let Hk be the subgraph of H
induced by all the edges that are removed from Eaux when ek is added to
M . Note that the number of items in Hk is at most d and ek is the most
expensive edge of Hk . Thus we have the following inequality.
TH ≤

|M |
X

THk ≤ d

k=1

E

|M |
X

c(ek ) ≤ dNG

k=1

Proof of the Claim 1

For a positive integer z, let [z] be the set of the z first positive integers.
First, we note that distribution D ensures that, for x > 1, we have
P r[bi (i) ≥ x] =

n 
X
i=dxe

1
2
i ×S

Rn



≤

dxe−1 (1/y

2 )dy

S

This implies that x × P r[bi (i) ≥ x] ≤ 2, for every x ≥ 1.
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≤

1
.
dxe − 1

For x ∈ [n], let b0 x be the bid matrix in which the consumer i bids x on
both items i and i+ and the other consumers bids are given by b−i . Then,
let
Si = {x| item i is sold to consumer i when the bid matrix is b0 x }
and
Si+ = {x| item i+ is sold to consumer i when the bid matrix is b0 x }.
Since A∗ is truthful, Proposition 6 ensures that the item i (i+ ) is always
sold by the same price, say pi (pi+ ), for every bid matrix b0 x such that
x ∈ Si (x ∈ Si+ ).
Thus, the contribution of consumer i for the total revenue, given that
the other consumers bids are represented by b0 , is at most




X
X

pi /(S × x2 ) +
pi+ /(S × x2 ) +
 x∈S
x∈S

P r[b0 ] × 

i+
x≥p +
i

i
x≥pi

X





1/(2S × x2 ) ≤

x∈S
/ i ∪Si+

P r[b0 ] × pi .P r[bi (i) ≥ pi ] + pi+ .P r[bi (i+ ) ≥ pi+ ] + 1/2

F



≤ 5P r[b0 ],

Calculations Required in Theorem 4

Here, we prove that ED [T ] = Ω(n ln n). For a graph G that happens with
positive probability in D, let MG be a matching in G, where the consumer
S
i is connected to the item i, that is, MG = ni=1 ei,i . Thus,
ED [TG ] ≥ ED [MG ] =

n
X
i=1

ED [bi (i)] =

n X
n
X

x × (1/(x2 × S)) = Ω(n ln n),

i=1 x=1

where the last inequality uses ther fact that S < π 2 /6.
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