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Abstract

This paper motivates a reduced form discrete-time series approach that models real-

ized volatility by using its separated components, continuous variation and variation due

to jumps. For this purpose, I combine Engle and Russell’s (1998) autoregressive con-

ditional duration (ACD) model applied to the continuous and jump size variation with

Hamilton and Jordà’s (2002) autoregressive conditional hazard (ACH) model applied to

jump durations. Further, the paper develops and discusses a methodology to evaluate

density and probability function forecasts of this model class. The successful model fit

and the favorable point and density forecast results show that the approach proposed in

this paper qualifies as a useful forecast model for daily return variation.
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1 Introduction

Modeling and forecasting volatility is one of the major research subject in financial econo-

metrics. Since the seminal introduction of Engle’s ARCH model in 1982, we have observed

an explosive growth in the number of applications in this research field of finance. On the

one hand this development is due to an increase of financial data availability, especially on

higher frequencies, and on the other hand to the desire for a general deeper understanding of

financial markets and the enormous importance of accurate volatility forecasts in valuation

of derivatives, portfolio management and risk management.

Beyond the vast literature of discrete-time ARCH and GARCH modeling (Engle, 1982;

Bollerslev, 1986)1, two main literature streams developed over time. The first is based on

continuous-time diffusion processes and dates back to the work of Merton (1980). More recent

studies examine more flexible parametric diffusion processes that allow for time-varying jump

diffusions. However, the empirical findings based on daily data show difficulties and do not

lead to precise findings, see e.g. Bates (2000), Chernov et al. (2003), Eraker (2004) and Pan

(2002).

The second strand of literature finds a nonparametric solution to measure daily price

volatility by using high-frequency intraday data. Andersen et al. (2003) and Andersen and

Bollerslev (1998), among others, advocate the sum of intradaily squared returns and obtain a

nonparametric daily variation measure that converges to the quadratic variation of the price

process. Applying this realized volatility measure, Andersen et al. (2001a,2001b) provide

important empirical insights into the properties of daily return and volatility distributions.

A major leap forward in the realized volatility literature is the work of Barndorff-Nielsen and

Shephard (2004). They develop a nonparametric volatility measure called bi-power varia-

tion that is immune against jump variation and allows for a decomposition of daily realized

volatility into a continuous and a discontinuous component. Various studies e.g. Huang and

Tauchen (2005), Andersen et al. (2007a) and Barndorff-Nielsen and Shephard (2006) show

that the discontinuous part, or the jumps, contribute importantly to daily price variation.

The present paper is linked to Andersen et al. (2007b) and Bollerslev et al. (2007) who

disentangle return volatility into a continuous and a jump component and model realized

1 For an extensive forecast comparison of most important GARCH specifications see Hansen and Lunde
(2005).
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volatility by simple reduced form time series methods. Following their work I contribute to

the literature by suggesting a new discrete-time approach. The reduced form model that is

presented in this paper is based on the autoregressive conditional duration (ACD) model of

Engle and Russell (1998). Their main objective is to provide a model for irregular discrete

transaction price durations that are strictly positive and serially correlated.

Since continuous variation exhibits the stylized facts of transaction price durations, I

apply the ACD to the continuous variation and redefine the ACD as autoregressive conditional

continuous variation (ACC) model. The jump variation process is conceived as a marked point

process. As outlined by Engle (2000), marked point processes can be conveniently separated

into a model for the duration between points in time (here: observing a jump) and a model

for the marks, i.e. the variables which are observed when the event occurs (here: size of a

jump). Thus, the occurrence of jumps is irregularly spaced in time and both jump durations

and sizes have an autoregressive nature. To account for the time between successive jumps I

employ, as suggested by Andersen et al. (2007b), Hamilton and Jordà’s (2002) autoregressive

conditional hazard (ACH) model. Based on the ACD, the ACH model delivers an estimate of

the probability that a jump will be observed within the next day. To address the time series

features of the jump sizes I propose to use an ACD and call it autoregressive conditional jump

size (ACJ) model. The autoregressive conditional structure of the ACD is appealing since

point and density forecasts are easily derived (see Engle and Russell, 1997; Bauwens et al.,

2004). Combining the three single model equations ACC, ACH, and ACJ forms the ACCACJ

model for total return variation.

The second contribution of the present paper to the literature is to suggest a methodology

to evaluate density forecasts of ACCACJ models. For this purpose, I adapt forecast evalua-

tion methods of Diebold et al. (1998) to assess the accuracy of density forecasts of realized,

continuous and jump size variation delivered by ACC, ACJ and ACCACJ. However, since

these methods are only applicable to continuous forecast variables and the ACH delivers a

probability forecast, a direct implementation of Diebold et al.’s (1998) method to ACH fore-

casts is infeasible and a discrete analog in the vein of Denuit and Lambert (2005) is applied.2

The objective is to investigate whether these models deliver sensible density, probability, and

point forecasts and to offer recommendations for their practical use.

2 A similar idea of evaluating probability forecasts for short term interest rates can be found in Grammig
and Kehrle (2008).
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The main findings of the empirical results using a high-frequency intraday four years

sample of the DAX future, DJ Euro Stoxx 50 future, S&P 500 future, and Nikkei 225 future

can be summarized as follows. The estimation results of all three models (ACC, ACH, and

ACJ) indicate persistence in continuous variation, jump durations and jump sizes. Beyond the

sensible parameter estimates, the ACC and ACJ models deliver encouraging results in terms

of diagnostics. This shows that the ACD as a basis for the ACC and ACJ is capable to capture

the long-memory of the continuous variation and the time series dynamics of the jump size

series. Density forecast evaluations which are conceived as goodness of fit diagnostics confirm

the suitability of the ACC and ACJ towards modeling the evolution of the continuous and

jump size variation. Similarly, as shown by the probability forecast evaluation, the ACH

qualifies as a suitable model for jump durations.

For the point forecast model comparison I estimate a simple benchmark model and a

GARCH(1,1), that directly forecast total return volatility. The point forecast evaluation

reveals that the ACCACJ as a composite model approach delivers results superior to the

GARCH(1,1) and the benchmark model. From these results I conclude that realized volatil-

ity modeling that exploits the richness of high-frequency and allows for jumps yields more

precise forecasting results.3 Furthermore, the considerable improvement in the accuracy of

the ACCACJ approach over the GARCH and the benchmark model shows that the model

framework proposed in this paper is particularly useful for modeling and forecasting volatility.

The remainder of this paper is structured as follows. Section 2 derives the nonparametric

volatility measures. Section 3 describes the data and stylized facts. Section 4 presents the

methodology and adapts techniques for the evaluation of density forecasts to judge the density

forecasts issued by the reduced form approach. Section 5 discusses estimation results, develops

and employs the diagnostic tools for the evaluation of density and probability forecasts and

compares density and point forecast performances. Section 6 concludes and gives a outlook.

3 This finding is consistent with the literature see e.g. Andersen et al. (2007a) and Huang and Tauchen
(2005).
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2 Theoretical Framework

The logarithmic price of a financial asset, denoted by pt, is assumed to follow a continuous-

time semimartingale jump diffusion process,

pt =

∫ t

0
µ(s)ds+

∫ t

0
σ(s)dW (s) +

N(t)
∑

s=1

κ(s) , (1)

where µ(t) is a continuous mean process with local finite variation, σ(t) > 0 is the instan-

taneous volatility process which is càdlàg, W (t) denotes a standard Brownian Motion and

N(t) counts the number of jumps occurring with size κ(s) and (possibly) time-varying jump

intensity λ(t). The quadratic variation for the cumulative price process in (1) is,4

[p, p](t) =

∫ t

0
σ2(s)ds +

N(t)
∑

s=1

κ2(s) , (2)

where the first term on the right hand is referred to the integrated variation and the second

to the sum of squared jumps.

Let the jth intradaily continuously compounded return be denoted by, rt,j = pt−1+ j

M

−
p

t−1+ (j−1)
M

, with M the number of returns per day. The nonparametric realized volatility

(RVt) measure introduced in the recent literature is defined as the sum of M intraday squared

returns,

RVt =
M
∑

j=1

r2t,j . (3)

For an increase in the sample frequency M , RVt converges in probability to the increments

of the quadratic variation process in (2), see Andersen and Bollerslev (1998); Andersen et al.

(2001a), and Barndorff-Nielsen and Shephard (2001). That is,

RVt →
p

∫ t

t−1
σ2(s)ds+

N(t)
∑

s=N(t−1)+1

κ2(s) for M → ∞ . (4)

As defined in (4), the realized volatility measure is affected by the variation due to jumps.

In order to disentangle integrated variation and the jump variation component, Barndorff-

4 The quadratic variation process of (1) is [p, p](t) = plim
Pn−1

j=0 (pτj+1
− pτj

)2, where τ0 = 0 ≤ τ1 ≤ ... ≤
τn = t is a sequence of partitions with supj{τj+1 − τj → 0} for n → ∞.
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Nielsen and Shephard (2004) suggest the so-called realized bi-power variation (BVt) measure

that is immune against jumps and converges to integrated variation as M gets large,

BVt = µ−2
1

(

M

M − 1

) M
∑

j=2

|rt,j−1||rt,j | →
p

∫ t

t−1
σ2

sds for M → ∞ , (5)

with µ1 =
√

π/2. Using (3) and (5) allows to define the daily jump component JVt as the

residual between RVt and BVt,

JVt = RVt −BVt →
p

N(t)
∑

j=N(t−1)+1

κ2(sj) for M → ∞ . (6)

Yet very small deviations between RVt and BVt induce a jump size greater than zero and

even negative values of the jump variation measure are empirically possible due to measure-

ment errors. This initiated Andersen et al. (2007a) to derive a test statistic that identifies

significant positive jumps. They standardize extreme deviations of RVt and BVt by the inte-

grated quarticity,
√
M

RVt −BVt
√

2
∫ t
t−1 σ

4(s)ds
→
d

N(0, 1), (7)

estimate the denominator of (7) by the realized tri-power quarticity,

TQt =
1

M
µ−3

4/3

(

M

M − 2

) M
∑

j=3

|rt,j−2|4/3|rt,j−1|4/3|rt,j |4/3 →
p

∫ t

t−1
σ4(s)ds , (8)

with µ4/3 = 22/3Γ(7/6)/Γ(1/2) and the gamma function, Γ(·), and construct the test statistic

Zt by

Zt =
√
M

(RVt −BVt)RV
−1
t

√

(µ−4
1 + 2µ−2

1 − 5)max{1, TQtBV
−2
t }

→
d

N(0, 1) . (9)

If the nominator of (9) is large, the test statistic exceeds a critical value Φ1−α and identifies

a significant squared jump, denoted by Jt, for day t where Φ1−α is the 1 − α quantile of the

standard normal distribution with α as a chosen significance level. Consequently, this ensures

the positivity of the squared jump component. If Zt > Φ1−α then the jump occurrence

indicator Xt equals one and Jt = RVt − BVt, else Xt = 0 and therefore Jt = 0. Hence, this
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formalizes to

Jt ≡ Xt(RVt −BVt), t = 1, ..., T . (10)

If no jump occurs in t, the continuous variation estimator Ct is equal to the realized variance

and at days with a jump Ct equals the bi-power variation,

Ct ≡ (1 −Xt)RVt +XtBVt, t = 1, ..., T . (11)

3 Data and Stylized Facts

The empirically estimated variation measures introduced in the previous section only con-

verge to their continuous-time volatility counterparts if the number of daily sampled returns

increases infinitely and the data is not contaminated by market microstructure noise. The

source of the market microstructure noise is manifold including price discreteness, bid-ask

spreads, and measurement errors. There are different approaches in the literature to obtain

a volatility estimator that does not hinge on market microstructure noise. Thomakos and

Wang (2003), Andersen et al. (2001a) or Bollen and Inder (2002) filter returns using MA or

AR processes to achieve noise-free returns. Bandi and Russell (2004) propose a bias-corrected

realized volatility measure. The present paper follows a method advocated by Andersen et

al. (2001b,2007) that does not use tick-by-tick data but samples on a coarser sampling

frequency, i.e. on a five minute basis.

The dataset of the present paper contains intradaily transaction prices of the DAX future,

FDAX, the Dow Jones Euro Stoxx 50 future, FESX, (both traded at Eurex), the S&P 500

future, FSP, (traded at the Chicago Mercantile Exchange, CME) as well as the Nikkei 225

future, FNI, (traded at the Singapore Exchange, SGX). The future contracts series cover

a period from 1 July 2002 to 30 June 2006. The maximum lifetime of a future contract

is limited to nine months. Therefore, a continuous time series of transaction prices is not

directly observed and needs to be constructed by using the last three months of the future

life-span. Proceeding this way assures a rather high trading frequency. I compute returns as

described in Section 2 by taking the return closest to the end of a five minute interval mark.

Furthermore, I exclude overnight returns and half trading days. The FDAX and FESX are

sampled within the interval from 09:20am to 08:00pm (CET), FSP within 08:30am to 15:15pm
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(CST), and FNI within 08:00am to 02:30pm (SGT). The FNI observations of the interrupted

trading from 10:15am to 11:15am are also excluded. This procedure results into M = 126 for

the FDAX and FESX, M = 78 for the FSP, and M = 64 for the FNI.

[insert Figures 1 and 2 about here]

The time series plots of returns and volatilities are depicted in Figures 1 and 2 and the

descriptive statistics are summarized in Table 1. As seen from Figures 1 and 2 the return

series exhibit volatility clustering and a high kurtosis for the FDAX, FESX, and FSP in Table

1 indicates a leptocurtic unconditional distribution of returns.

[insert Table 1 about here]

The plots in the second and third row in Figures 1 and 2 depict the time series of realized

and continuous variation. The empirical distributions of Ct and RVt are highly skewed and

leptocurtic as shown by the the future descriptives in Table 1. Skewness ranges within 2

and 6 and a kurtosis within 12 and 72. As visible from the jump time series in Figures 1

and 2 jumps occur irregular in time and are of varying size. Furthermore, large returns are

attendant to large jumps which exhibit - akin to volatility - a clustering. For the FDAX and

FESX most of the largest jumps occur in the high volatility period in the first part of the

sample from July 2002 to December 2003. However, jumps of the FSP and FNI are smaller

and more evenly spread over the whole sample.

A Ljung-Box test up to ten lags in Table 1 does not reject the null of no autocorrelation

for the realized and continuous variation up to 120 lags. Weaker but still present serial

dependence is detected in the jump size and jump duration series.

4 Econometric Methodology

4.1 Model Setup

Since accurate volatility forecasts are of paramount interest for financial markets participants,

many applications analyze suitable forecast models for daily return volatility. Recently, An-

dersen et al. (2005,2007) and Bollerslev et al. (2007) proposed a parametric model based on

nonparametric volatility measures. In these studies realized volatility is decomposed into a
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daily continuous variation and a jump variation component. I follow this idea and specify

a model that accounts for the autoregressive nature in continuous variation, jump duration,

and jump sizes.

For this purpose, I suggest to use Engle and Russell’s (1998) ACD model to capture the

time series dynamics in the continuous variation and refer to it as autoregressive conditional

continuous variation (ACC) model. The jump variation process is conceived as a marked

point process. The time in days between two successive jumps are points at which we observe

the mark, i.e. the jump size. To account for the time between successive jumps, I employ as

suggested by Andersen et al. (2007b) Hamilton and Jordà’s (2002) autoregressive conditional

hazard (ACH) model. Based on the ACD, the ACH model delivers an estimate of the proba-

bility that a jump will be observed within the next day. For the jump sizes I apply the ACD

and redefine it as autoregressive conditional jump size (ACJ) model. In the following I give

a brief review of the ACD and ACH and introduce some notation before combining them to

a joint model for realized volatility.

Let us start by writing down the ACC model for the continuous variation that is based

on Engle and Russell’s (1998) ACD. The daily continuous variation is specified as

Ct = σtεt , (12)

where εt are iid innovations with constant expectation, E(εt) = µ, and constant variance such

that the expected continuous variation conditional on the information set Υt−1 is E(Ct|Υt−1) =

σtµ. σt is assumed to follow a linear autoregressive process that updates daily,

σt = δC + αCCt−1 + βCσt−1 , (13)

where δC > 0, αC ≥ 0 and βC ≥ 0. The parameter restrictions ensure positivity of σt

in the estimation. In principle one can use any distribution with positive support for εt.

I consider three unconditional distributions for εt, fε(εt;θε): exponential (EACC), Weibull

(WACC), and Burr distribution (BACC).5 Given (12) and a parametric assumption for fε(·)
5 See Bauwens et al. (2004) for more details on ACD estimation.
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the conditional likelihood function for Ct is

fC(Ct|Υt−1;θC) = fε

(

Ct

σt
;θε

)

σ−1
t (14)

which is maximized with respect to the unknown parameter vector θC = (δC , αC , βC ,θε)

using the Maximum Likelihood method.

Hamilton and Jordà (2002) ground their ACH on Engle and Russell’s 1998 ACD model

that describes the duration process between successive events. Given the empirical setup for

the jump series described in the previous section, the smallest time interval between jumps

is one day. Lets denote by τn the duration in number of days between the nth and (n+ 1)th

jump. The sequence of conditional expected durations ψn ≡ E(τn|Υn−1) is assumed to evolve

as

ψn = αXτn−1 + βXψn−1 , (15)

where αX ≥ 0 and βX ≥ 0. Equation (15) only updates if a jump occurs on day t and

remains the same as in t−1 if no jump occurs. A convenient link between event and calendar

time is provided by the step function introduced in Section 2, N(t), that counts by one if a

jump occurs on day t and remains the same as in t − 1 if no jump occurs. The conditional

probability of a jump in t given the information available in t− 1 is referred to as the hazard

rate,

ht = P[N(t) 6= N(t− 1)|Υt−1] . (16)

If the information set Υt−1 only consists of past durations the hazard rate will remain the

same until the next jump occurs. Hamilton and Jordà (2002) show that in this case hazard

rate and conditional expected durations are inversely related,

ht =
1

ψN(t−1)
. (17)

To allow for an impact of predetermined variables zt−1 observed in t−1, Hamilton and Jordà

(2002) specify a hazard rate that varies in calender time,

ht =
1

ψN(t−1) + δ
′

Xzt−1
, (18)
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with zt as a vector of predetermined variables. The conditional likelihood function for the

ACH model in Equations (15) and (18) is maximized with respect to θX = (αX , βX , δX)

fX(Xt|Υt−1;θX) = {ht}Xt{1 − ht}(1−Xt) . (19)

Analogously to the ACC Equations (12), (13), and (14), I briefly introduce the notation

for the jump size model (ACJ). Denote by Jn the size of the nth jump, by φn the conditional

expected jump size, and by ηn iid innovations such that Jn = φnηn. As above φn is assumed

to follow a linear autoregressive process,

φn = δJ + αJJn−1 + βJφn−1 . (20)

The parameters δJ > 0, αJ ≥ 0 and βJ ≥ 0 are estimated by maximizing the ACJ likelihood

function

fJ(Jn|Υn−1;θJ) = fη

(

Jn

φn
;θη

)

φ−1
n , (21)

with θη as the distributional parameter(s) of either exponential (EACJ), Weibull (WACJ) or

Burr (BACJ) distribution and θJ = (δJ , αJ , βJ ,θη).

The joint likelihood of realized volatility as a composite of ACC, ACH, and ACJ is the

product of the marginal likelihoods defined in (14), (19), and (21),

f(Ct,Xt, JN(t)|Υt−1;θ) = fC(Ct|Υt−1;θC)fX(Xt|Υt−1;θX)fJ(JN(t)|Xt,Υt−1;θJ)

=

[

fε

(

Ct

σt
;θε

)

σ−1
t

]

{ht}Xt{1 − ht}(1−Xt)

[

fη

(

JN(t)

φN(t)
;θη

)

φ−1
N(t)

]Xt

,

(22)

with θ = (θC ,θX ,θJ). Taking logs of (22) yields the loglikelihood for the ACCACJ

L (θ) =

T
∑

t=1

ln fε

(

Ct

σt
;θε

)

− lnσt (23)

+

T
∑

t=1

Xt ln(ht) + (1 −Xt) ln(1 − ht) (24)

+
T

∑

t=1

Xt

[

ln fη

(

JN(t)

φN(t)
;θη

)

− lnφN(t)

]

. (25)
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As pointed out by Engle (2000), maximization of L (θ) is equivalent to maximize separately

the ACC part in (23), the ACH part in (24), and the ACJ part in (25) if θC , θX , and θJ

have no parameters in common.

4.2 Evaluating Density Forecasts

The ACD as a groundwork for the ACC, ACH, and ACJ is appealing, since it provides readily

available density forecasts for continuous and jump size variation and probability forecasts

for the jump occurrence indicator Xt. In the following I derive the forecast methodology

and explain how the forecasts of the three equations are combined to predict total return

variation. In order to assess the accuracy of density forecasts I adapt the forecast evaluation

method popularized by Diebold et al. (1998). These enjoy increasing popularity as they offer

intuitive diagnostics to detect specification problems.

Point forecasts for Ct result directly from iterating foreward (13). However, one-step ahead

density forecasts require the conditional density of Ct in (14), fε(Ct+1σ
−1
t+1)σ

−1
t+1, with σt+1

calculated from (13) and innovation density fε(·). The time series of the jump durations is

predicted by the ACH. Hence, the one-step ahead probability forecast of the discrete variable

Xt+1 is given by

f(Xt+1|Υt) =







P(Xt+1 = 0|Υt) = 1 − ht+1

P(Xt+1 = 1|Υt) = ht+1 ,
(26)

where ht+1 obtained from (18). Analog to Ct forecasts, the ACJ delivers a predicted jump

size by (20) and one-step ahead density forecasts by the conditional density of Jt+1 in (21),

fη(Jt+1φ
−1
t+1)φ

−1
t+1. Combining forecasts of ACC, ACH, and ACJ based on time t information,

Υt, results into a point forecast for RVt+1,

E(RVt+1|Υt) = (1 − ht+1)σt+1 + ht+1(σt+1 + φt+1) . (27)

Density forecasts for RVt+1 are achieved substantially less convenient and require simula-

tion methods. Conditional on time t information, one can draw a one-step ahead simulated

value for the continuous variation C
(1)
t+1 from its conditional distribution using a draw for ε

(1)
t+1

and the estimated parameters of θC . The superscript indicates the first of M simulation
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steps. By drawing from the probability distribution of X
(1)
t+1 in (26), it is determined whether

there is no jump in t + 1, implying RV
(1)
t+1 = C

(1)
t+1, or there is a jump in t + 1. In the lat-

ter case a simulated value for J
(1)
t+1 is obtained from a draw for η

(1)
t+1 using the estimates for

θJ . Then RV
(1)
t+1 = C

(1)
t+1 + J

(1)
t+1 and N(t + 1)(1) = N(t) + 1. Iterating foreward Equations

(13), (18), and (20) conditional on time t + 1 yields two-period ahead forecasts. Repeating

the just described procedure results a sequence {RV (1)
t+h}H

h=1. One can go back to the start

and generate a second draw RV
(2)
t+1 from f(RVt+1|Υt). Doing the whole procedure M times

and computing empirical quantiles of {RV (m)
t+1 }M

m=1, {RV
(m)
t+2 }M

m=1, etc., delivers the empirical

simulated forecast density for RVt+1, RVt+2, etc..

Once a forecast density is achieved, I examine the accuracy of the prediction using the

density forecast evaluation techniques of Diebold et al. (1998). Let us briefly review the basic

idea of Diebold et al.’s (1998) method for the evaluation of density forecasts. Denote by xt

the variable of interest, by {p(xt | Υt−1)} a sequence of true densities and by {f(xt | Υt−1)}
a sequence of density forecasts. Diebold et al. (1998) show that the correct density is weakly

superior to all other forecasts. Hence, it will be preferred, in terms of expected loss, by all

forecast users regardless of their loss functions. This suggests that forecasts can be evaluated

by testing the null hypothesis that the forecasting densities are correct, i.e. whether

{f(xt | Υt−1)} = {p(xt | Υt−1)} . (28)

At first sight, testing whether Equation (28) holds appears infeasible because p(xt | Υt−1)

is unobserved. However, the distributional properties of the probability integral transform

(PIT),

zt =

∫ xt

−∞

f(u|Υt−1)du = F (xt|Υt−1) , (29)

provide the solution to this problem. Diebold et al. (1998) extend Rosenblatt’s (1952) classic

result by showing that under the null hypothesis the distribution of the sequence of probability

transforms {zt} is iid U(0, 1). Having obtained the zt sequence, it is possible to apply the

diagnostic tools proposed by Diebold et al. (1998) to evaluate density forecasts of realized

volatility, continuous variation, and jump sizes.

Three remarks are in order. First, I adopt the iid uniformity test used in Bauwens et al.

(2004) which compares the frequencies in the PIT histogram bins to expected values if the data
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were iid U(0, 1). However, iid uniformity tests alone are nonconstructive. When rejection of

the null hypothesis occurs, they do not provide guidance about the reasons why. Diebold et al.

(1998) suggest to augment formal tests of iid uniformity by visual inspection of histograms and

autocorrelograms of the PIT sequences which assists in detecting particular forecast failures.

Second, the PIT sequence is not iid for h > 1 even if the probability forecast is correct. It

exhibits a MA(h−1) autocorrelation structure. To account for this fact, I follow Diebold et al.

(1998) and partition the PIT sequence into sub-series for which I expect iid uniformity if the

forecasts were correct. For instance, for correct two-step ahead probability forecasts, the sub-

series {z∗1 , z∗3 , z∗5 , . . .} and {z∗2 , z∗4 , z∗6 , . . .} should each be iid U(0, 1), although the complete

series is not. Tests for iid uniformity are then based on the minimum or maximum of the

test statistic within the sub-series. Critical values are obtained from dividing the significance

level by the number of sub-series.

Finally, in general, the idea of Diebold et al. (1998) can be used to evaluate any model

that delivers a continuous forecast density. Therefore, this method is applicable to evaluate

density forecasts for Ct, Jt, and RVt. The evaluation of the probability function forecast of

the ACH, delivered as a byproduct in the RVt forecast simulation, requires a discrete analog.

To address this problem, I adopt a methodology proposed by Denuit and Lambert (2005)

who derive a discrete analog of the PIT theorem. Transferring Denuit and Lambert’s (2005)

results, I ”continue” the discrete value of Xt by adding an independent uniformly distributed

random variable with support [0, 1], viz, X∗

t = Xt + ut , where ut is iid U(0, 1). Denuit and

Lambert (2005) show that the PIT of the continued variable X∗

t can be computed as

z∗t = F ∗(X∗

t |Υt−1) = F (Xt − 1|Υt−1) + f(Xt|Υt−1)ut . (30)

The discrete analog of the PIT theorem states that z∗t is U(0, 1) if the forecast density function

is correctly specified. Having obtained the z∗t sequence, it is possible to apply the diagnostic

tools proposed by Diebold et al. (1998) to evaluate density function forecasts of Xt.
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5 Empirical Results

5.1 Estimation Results and Residual Diagnostics

This section describes the estimation results of ACC, ACH, and ACJ. Furthermore, it dis-

cusses residual diagnostics to detect specification errors. The imposed independence assump-

tion of the error terms of the ACC and ACJ can not be tested directly6, however, autocorre-

lation tests on the ACC and ACJ residuals are conducted.

[insert Table 2 about here]

Panels A-D of Table 2 report the parameter estimates of the ACC, ACH, and ACJ for

the FDAX, FESX, FSP, and FNI. The ACC and ACH are estimated on daily data and the

ACJ is estimated on a reduced data set of events. Almost every estimated ACC coefficient

including the distributional parameters is statistically significant different from zero. The

coefficient estimates α and β of the EACC, WACC, and BACC vary within 0.2 − 0.4 and

0.6−0.8 over all futures and indicate persistence. The residual autocorrelations tests in Table

4 show that the high correlation in Ct is removed for the FDAX, FESX and FSP. Only some

autocorrelation is left in the ACC residuals of the FNI.

[insert Figure 4 about here]

The ACH estimates in Table 2 suggest strong persistence and serial correlation in durations

with an average value over all futures of α = 0.076 and β = 0.839. Unfortunately, none of the

included predetermined variables in Equation (18) appeared to be statistically significant.7

Since imprecise estimated parameters of exogenous variables might blur the forecast quality,

the specifications in Table 2 are used for prediction. The size of the ACJ α and β esti-

mates depend on the distributional assumptions for the innovation. They also vary between

the futures. Generally, estimated α’s/β’s using a Burr distribution are lower/higher than

the α’s/β’s resulting from an assumed exponential or Weibull distributed innovation.8 As

shown in Table 4, the residuals do not exhibit any autocorrelation, hence, the BACJ properly

accounts for the time series dynamics of Jt.

6 See Bauwens and Giot (2001).
7 I experimented with day dummies, lagged jump sizes, and lagged continuous variation.
8 Unfortunately, the estimation of EACJ and WACJ for the FESX did not yield sensible results. Throughout

the remainder of the paper I consider only BACJ specifications.
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Finally, two simple benchmark models that directly forecast return volatility are estimated

and compared to forecast results of a reduced form ACCACJ approach. First, motivated

by the work of Hansen and Lunde (2005), I consider a simple GARCH(1,1) model. The

specification for the mean and variance equation for the daily return series is rt = ǫt and

σt = δ + αǫ2t−1 + βσt−1. The ML estimates of the GARCH(1,1) are reported in the last

column Table 3. The second simple benchmark model is an ACR model, labeled as EACR,

WACR, and BACR, that is identical to the ACC model except that the variable of interest

is not Ct but RVt.

[insert Table 3 about here]

5.2 Density Forecast Evaluation

The forecast evaluation techniques of Diebold et al. (1998) outlined in Section 4.2 can be con-

veniently used for diagnostic checking. Table 5 reports results of tests suggested by Bauwens

et al. (2004) for iid uniformity of the (continued) PIT sequences achieved by BACC, ACH,

BACJ, and BACCBACJ.9 The forecast horizon h ranges from one to five days. The test com-

pares the number of observations in the bins of the PIT histogram with the expected values if

the PIT sequence would indeed be iid U(0, 1). The caption of Table 5 explains computational

details.

[insert Table 5 about here]

Comparing the values of the test statistics for the first day with the 5%/h critical value,

I cannot reject the hypothesis that the BACC models deliver correct density forecasts for

all futures. Exploiting the uniformity tests for the continued PIT sequence delivered by the

ACH model yields rather clear results. For no future the hypothesis that the ACH predicts

the probability of a jump correctly can be rejected on a 5%/h significance level. As seen

from the analysis of the BACJ, jump size’s density is predicted very well for the FDAX, FSP,

and FNI. Only for the FESX the null hypotheses of uniformity for the PIT series obtained

from BACJ is rejected. Combining the BACC, ACH, and BACJ to the BACCBACJ yields a

density forecast for the realized volatility. The uniformity tests implied by the BACCBACJ

9 Since for all futures the assumption of the Burr distribution for the ACC and ACJ innovations yields best
results in terms of predicting the density of realized, continuous, and jump size variation, I omit for the
sake of brevity to present the exponential and Weibull results in Table 5.
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indicate that no specification problems arise for the FDAX, FESX, and FNI. The test values

for the FSP are astonishingly high and point at specification problems.

[insert Figure 3 about here]

Diebold et al. (1998) advocate the use of autocorrelograms and histograms of the PIT

sequences as diagnostic tools to detect specification problems associated with a model’s den-

sity forecasts. Since when rejection of the null hypothesis of uniformity occurs, they do not

provide guidance about the reasons why. For instance, inverse ∪-shaped PIT histogram would

indicate that we would observe insufficient large and small future values of volatility com-

pared to what is predicted by the model. Significant serial correlation of the PIT series would

indicate that the model is not able to account properly for the dynamics of the variation

measures. Figure 3 depicts twenty-bin histograms of the PIT sequence for forecast horizons

ranging from one to five days implied by the EACC, WACC, BACC, ACH, and BACJ for

the FDAX. The histograms for the FESX, FSP, and FNI are deferred to the Appendix. The

histogram is based on the original PIT sequence only for one-step forecasts. For multi-step

forecasts (h > 1), the minimum and the maximum relative frequency of the thinned h sub-

series in each of the twenty histogram bins is plotted. As seen from Figures 3, 6, 7, and 8 the

histograms of the z sequence resulting from the EACC in the first row are inverse ∪-shaped

and the histograms of the WACC in the second row are ragged. The histogram shapes of the

EACC and WACC indicate specification errors due to an incorrect distributional assumption

for the ACC innovations. In contrast, the histograms implied by the BACC in the third row

do not show any deviations from the uniformity up to the fourth horizon. This result indi-

cates that the ACC with Burr distributed innovations successfully captures the dynamics of

continuous variation. The fourth row shows the histograms of the continued PIT sequence of

the ACH model. These histograms do not hint at any violations of iid uniformity of the PIT

sequence. Hence, the ACH is suitable to predict the probability of a jump within the next five

days. Finally, the histograms of the PIT sequence obtained from the BACJ are depicted in

the fifth row and show no specification problems except for jump size variation of the FESX.

The BACJ successfully predicts the density of jump sizes of the FDAX, FSP and FNI.

[insert Figure 4 about here]
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As the single model evaluation shows, the ACC and ACJ fit the data best if the innovations

are assumed to be Burr distributed. For this reason, I combine the BACC and the ACH with

the BACJ and conduct a simulated density forecast for RVt. The application of the PIT

theorem on the predicted densities yields twenty bin histograms that are depicted in Figure 4

for the FDAX (first column), FESX (second column), FSP (third column), and FNI (fourth

column). For the FDAX, FESX, and FNI no deviations from the uniformity of the PIT

sequence can be detected. Insufficient small future values of realized volatility are predicted

by the model for the FSP indicating some misspecification.

[insert Figures 5 about here]

Figure 5 plots autocorrelograms of the one-step ahead PIT sequence of all futures implied

by the BACC, ACH, BACJ, and BACCBACJ. The first panel column contains the results

for the FDAX, the second for the FESX, the third for the FSP, and the fourth for the FNI.

Consistent with the uniformity test results above the BACJ fails to describe the jump size

variation of FSP. The remaining autocorrelograms suggest overall that the dynamics of the

variation measures are quite well captured.

5.3 Comparing Realized Volatility Point Forecasts

This section compares point forecasts of realized volatility delivered by combining ACC, ACH,

and ACJ and two benchmark alternatives that directly model and forecast realized volatility.

[insert Table 6 about here]

Panel A-D of Table 6 contain root mean square error (RMSE) results for realized volatility

forecasts for the FDAX, FESX, FSP, and FNI. Lets focus on the best performing model within

the GARCH, BACR, and EACR.10 For the FDAX, FSP, and FNI the simple EACR specifi-

cation outperforms the GARCH. For the FESX the BACR reduces the RMSEs compared to

the GARCH up to the fifth day. I extend the analysis by letting the ACCACJ specifications

enter the competition. It turns out that for the FSP and FNI the BACCBACJ improves

the forecast considerably compared to the EACR and GARCH. Averaged over all forecast

horizons, the RMSE of the GARCH is reduced by 33% for the FSP and 13% for the FNI

10 I refrain from presenting the WACR results since this model performed worst in the point forecast evalua-
tion.
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implied by the BACCBACJ. For the FESX and FDAX lowest RMSE of all forecast models is

achieved using the EACCBACJ. The GARCH RMSE is reduced for the FDAX by 20% and

for the FESX by 1% using the EACCBACJ. The ACCACJ approach seems particularly useful

for forecast horizons of up to 15 days for the FESX and up to a month for the FDAX, FSP

and FNI. Overall, these are favorable forecast results for the reduced form model framework

proposed in this paper.

6 Conclusion and Outlook

Modeling and forecasting volatility is one of the major research subject in financial econo-

metrics. In the last two decades we have observed an explosive growth in the number of

applications in this research field of finance. This is due to the enormous importance of

accurate volatility forecasts in valuation of derivatives, portfolio management, and risk man-

agement.

The present paper is linked to Andersen et al. (2007b) and Bollerslev et al. (2007) who

disentangle return volatility into a continuous and a jump component and model realized

volatility by simple reduced form time series methods. The reduced form model that is pre-

sented in this paper is based on the autoregressive conditional duration (ACD) model of Engle

and Russell (1998). Since continuous variation is strict positive and autocorrelated, I employ

the ACD to the continuous variation and redefine the ACD as autoregressive conditional con-

tinuous variation (ACC) model. The jump variation process is conceived as a marked point

process. To account for the time between successive jumps I employ as suggested by An-

dersen et al. (2007b), Hamilton and Jordà’s (2002) autoregressive conditional hazard (ACH)

model. For the jump sizes I apply the ACD and call it the autoregressive conditional jump

size (ACJ) model. Combining the three single model equations ACC, ACH, and ACJ forms

the ACCACJ model for total return variation. To assess the accuracy of density forecasts

of realized, continuous and jump size variation delivered by ACC, ACH, ACJ and ACCACJ,

forecast evaluation methods of Diebold et al. (1998) are adapted.

The main findings of the empirical results using a high-frequency intraday four years

sample of the DAX future, DJ Euro Stoxx 50 future, S&P 500 future, and Nikkei 225 future

can be summarized as follows. The estimation results of all three models (ACC, ACH, and

ACJ) deliver sensible parameter estimates and encouraging results in terms of diagnostics.
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Especially, ACC and ACJ specifications with assumed Burr distributed errors (BACC and

BACJ) are capable to capture the long-memory of the continuous variation and the time

series dynamics of the jump size series. Density forecast evaluations confirm the suitability

of the BACC and BACJ towards modeling the evolution of the continuous and jump size

variation. Similarly, as shown by the probability forecast evaluation, the ACH qualifies as a

suitable model for jump durations. The point forecast evaluation reveals that the ACCACJ as

a composite model approach delivers results superior to a GARCH(1,1) and the ACR model.

From these results I conclude that realized volatility modeling that exploits the richness of

high-frequency and allows for jumps yields more precise forecasting results. Furthermore, the

considerable improvement in the accuracy of the BACCBACJ approach over the GARCH

and the ACR model shows that the model framework proposed in this paper is particularly

useful for modeling and forecasting volatility.

Avenues for further research stretch in several directions. First, the forecast analysis

should be extended by an out-of-sample analysis. Second, to compare MSE forecasts it seems

promising to adapt the specification test proposed by Diebold and Mariano (1995). Finally,

it would be interesting to examine further predetermined variables for the ACH model.
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[insert Figure 6 about here]
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r RV C J τ

Panel A: FDAX

Mean -0.037 1.985 1.922 0.324 5.173

Std 1.439 2.930 2.817 0.621 5.152

Skewness 0.226 3.582 3.157 5.092 2.409

Kurtosis 4.36 20.85 14.27 33.04 8.26

Min -6.71 0.09 0.09 0.01 1.00

Max 8.57 33.43 27.82 5.61 35.00

LB(10) 28 5542 5955 228 25

Panel B: FESX

Mean -0.043 2.181 2.055 0.551 4.371

Std 1.410 3.650 3.080 3.234 3.793

Skewness 0.423 6.616 4.454 14.246 1.717

Kurtosis 5.89 72.15 31.21 211.01 3.46

Min -7.21 0.13 0.13 0.03 1.00

Max 7.98 57.48 36.12 48.45 23.00

LB(10) 43 2473 4170 11 12

Panel C: FSP

Mean 0.009 0.857 0.817 0.191 4.751

Std 0.934 1.137 1.147 0.130 6.352

Skewness 0.855 5.420 5.348 3.199 3.484

Kurtosis 10.09 42.36 41.44 14.24 14.04

Min -4.00 0.08 0.01 0.07 1.00

Max 9.08 13.16 13.16 1.10 42.00

LB(10) 17 4607 4591 255 140

Panel D: FNI

Mean -0.012 0.869 0.826 0.182 4.138

Std 0.974 0.666 0.656 0.140 4.116

Skewness -0.306 2.681 2.489 2.356 1.947

Kurtosis 1.60 14.94 12.58 10.10 3.83

Min -4.97 0.09 0.06 0.02 1.00

Max 4.67 6.97 6.97 1.11 23.00

LB(10) 10 2118 2094 295 32

Table 1: Summary statistics. The first six rows of each panel report the sample mean, stan-
dard deviation, skewness and kurtosis, along with the sample minimum and maximum. The rows
labeled LB(10) give the Ljung-Box test statistic up to tenth order serial correlation. The returns
for the FDAX and FESX contain 1016, for the FSP 995, and for the FNI 958 daily observations
with 196, 232, 209 and 225 jump events, respectively. The variation measures for all futures are
constructed from five-minute returns from July 2002 through 30 June 2006.
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EACC WACC BACC ACH EACJ WACJ BACJ
Panel A: FDAX

δ 0.000 0.000 0.000 3.153 0.000 0.000 0.000
(0.000) (0.000) (0.000) (0.823) (0.000) (0.000) (0.000)

α 0.312 0.324 0.290 0.089 0.194 0.196 0.088
(0.072) (0.042) (0.029) (0.047) (0.129) (0.128) (0.022)

β 0.662 0.619 0.713 0.767 0.700 0.695 0.896
(0.077) (0.049) (0.029) (0.111) (0.186) (0.186) (0.019)

θ1 1.732 4.283 1.030 3.768
(0.031) (0.224) (0.046) (0.548)

θ2 1.240 2.295
(0.140) (0.519)

Panel B: FESX

δ 0.000 0.000 0.000 2.866 0.000
(0.000) (0.000) (0.000) (1.223) (0.000)

α 0.208 0.213 0.197 0.036 0.007
(0.048) (0.029) (0.024) (0.030) (0.004)

β 0.773 0.760 0.799 0.897 0.960
(0.053) (0.033) (0.024) (0.101) (0.008)

θ1 1.705 3.899 4.874
(0.036) (0.208) (0.651)

θ2 1.384 3.214
(0.152) (0.597)

Panel C: FSP

δ 0.000 0.000 0.000 2.247 0.000 0.000 0.000
(0.000) (0.000) (0.000) (0.582) (0.000) (0.000) (0.000)

α 0.304 0.296 0.308 0.114 0.278 0.444 0.201
(0.059) (0.028) (0.031) (0.042) (0.225) (0.118) (0.042)

β 0.659 0.664 0.652 0.768 0.565 0.123 0.713
(0.078) (0.034) (0.036) (0.094) (0.484) (0.286) (0.059)

θ1 2.284 2.903 1.937 5.818
(0.055) (0.131) (0.083) (0.750)

θ2 0.380 1.619
(0.079) (0.338)

Panel D: FNI

δ 0.000 0.000 0.000 0.774 0.000 0.000 0.000
(0.000) (0.000) (0.000) (0.554) (0.000) (0.000) (0.000)

α 0.361 0.413 0.346 0.065 0.372 0.427 0.186
(0.080) (0.039) (0.038) (0.022) (0.216) (0.106) (0.041)

β 0.631 0.581 0.645 0.924 0.558 0.486 0.815
(0.082) (0.039) (0.039) (0.025) (0.276) (0.127) (0.042)

θ1 2.044 4.193 1.833 3.643
(0.044) (0.216) (0.088) (0.530)

θ2 1.133 1.396
(0.132) (0.432)

Table 2: Maximum likelihood estimates of the ACC, ACH, and ACJ for the FDAX,

FESX, FSP, and FNI. The distributional assumption of the ACC/ACJ innovation are either
exponential (E), Weibull (W) or Burr (B) with θ1 and θ2 as distributional parameters. See text for
details on the specifications. Standard errors are reported in parentheses.
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EACR WACR BACR GARCH
Panel A: FDAX

δ 0.000 0.000 0.000 2.153
(0.000) (0.000) (0.000) (0.823)

α 0.285 0.300 0.267 0.089
(0.070) (0.045) (0.028) (0.047)

β 0.688 0.640 0.735 0.767
(0.076) (0.053) (0.027) (0.111)

θ1 1.616 4.278
(0.029) (0.219)

θ2 1.255
(0.137)

Panel B: FESX

δ 0.000 0.000 0.000 1.866
(0.000) (0.000) (0.000) (1.223)

α 0.203 0.212 0.175 0.036
(0.048) (0.033) (0.023) (0.030)

β 0.783 0.778 0.817 0.897
(0.052) (0.035) (0.023) (0.101)

θ1 1.532 4.089
(0.030) (0.216)

θ2 1.486
(0.156)

Panel C: FSP

δ 0.000 0.000 0.000 1.247
(0.000) (0.000) (0.000) (0.582)

α 0.325 0.333 0.315 0.114
(0.085) (0.033) (0.031) (0.042)

β 0.645 0.640 0.651 0.768
(0.102) (0.036) (0.034) (0.094)

θ1 2.578 5.123
(0.000) (0.056) (0.305) (0.000)

θ2 1.192
(0.000) (0.000) (0.160) (0.000)

Panel D: FNI

δ 0.000 0.000 0.000 -0.226
(0.000) (0.000) (0.000) (0.554)

α 0.369 0.447 0.329 0.065
(0.088) (0.041) (0.037) (0.022)

β 0.619 0.543 0.666 0.924
(0.090) (0.042) (0.037) (0.025)

θ1 2.104 4.865
(0.045) (0.258)

θ2 1.356
(0.147)

Table 3: Maximum likelihood estimates of the ACR and GARCH for the FDAX,

FESX, FSP, and FNI. The distributional assumption of the ACC/ACJ innovation are either
exponential (E), Weibull (W) or Burr (B) with θ1 and θ2 as distributional parameters. See text for
details on the specifications. Standard errors are reported in parentheses.
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k EACC WACC BACC EACJ WACJ BACJ

Panel A: FDAX

1 0.593 0.518 0.928 0.018 0.017 0.002

5 0.417 0.306 0.623 0.039 0.040 0.021

10 0.695 0.610 0.986 0.084 0.087 0.045

15 0.623 0.571 0.888 0.084 0.086 0.063

Panel B: FESX

1 0.062 0.112 0.081 0.191

5 0.222 0.223 0.233 0.426

10 0.304 0.306 0.326 0.287

15 0.376 0.356 0.436 0.219

Panel C: FSP

1 0.015 0.323 0.142 0.231 0.001 0.427

5 0.513 0.201 0.154 0.402 0.562 0.455

10 1.010 0.532 0.517 0.356 0.591 0.381

15 1.147 0.902 0.892 0.309 0.602 0.316

Panel D: FNI

1 1.700 0.599 2.143 0.027 0.144 0.895

5 1.950 1.978 1.977 0.201 0.212 0.573

10 2.088 1.981 2.139 0.216 0.188 0.737

15 1.753 1.640 1.804 0.287 0.277 0.624

Table 4: Autocorrelation tests of ACC and ACJ estimated residuals. The table reports
the result of the ratio LB(k)

χ2(k)
with LB(k) the Ljung Box statistic and χ2(k) the 5% critical value.

The ratio is computed for the first, fifth, tenth and fifteenth order serial correlation denoted by k.
The null hypothesis of no autocorrelation is not rejected for values smaller than one.
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h 1 2 3 4 5
1%/h 36.191 38.582 39.939 40.885 41.610
5%/h 30.144 32.852 34.358 35.399 36.191
10%/h 27.204 30.144 31.751 32.852 33.687

Panel A: FDAX

BACC 12.554 21.753 20.480 32.968 49.071
ACH 18.618 22.477 31.598 30.710 34.525
BACJ 17.052 16.083 26.206 25.766 19.757

BACCBACJ 15.803 18.642 14.444 22.000 37.960
Panel B: FESX

BACC 15.069 27.429 29.238 36.570 50.642
ACH 18.158 28.540 23.881 26.849 24.572
BACJ 111.349 74.421 59.667 64.000 60.333

BACCBACJ 18.119 25.000 24.667 24.458 31.935
Panel C: FSP

BACC 17.781 19.304 19.921 33.153 26.681
ACH 10.186 22.095 20.810 19.254 26.255
BACJ 22.932 23.098 19.059 27.600 27.000

BACCBACJ 108.835 67.761 52.302 44.000 43.915
Panel D: FNI

BACC 13.411 36.211 32.101 43.153 65.921
ACH 17.832 16.295 25.646 20.441 21.688
BACJ 9.892 27.455 22.616 17.852 30.953

BACCBACJ 17.116 13.797 26.152 28.237 24.862

Table 5: Results of iid uniformity test for the PIT sequences for the FDAX, FESX,

FSP, and FNI. For each forecast horizon h the PIT sequence is split into h sub-series which are
iid U(0, 1) under the null hypothesis of a correct density forecast. Bauwens et al.’s (2004) test
statistic for iid uniformity is computed for each sub-series. The test is based on the result that
under the null of iid U(0, 1) behavior of the PIT sequence the joint distribution of the heights
of the PIT histogram is multinomial, i.e. f (ni) =

`

n

ni

´

pni (1 − p)n−ni where n gives the number

of observations (in each sub-series), ni the number of observations in the ith histogram bin and

p = 1/m with m the number of histogram bins. I use m = 20. The statistic
Pm

i=1
(ni−np)2

np
is under

the null hypothesis asymptotically χ2(m−1) distributed. The table reports the largest test statistic
computed from h subseries. The critical values are computed by dividing the significance levels by
h.
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h 1 2 5 10 15 22
Panel A: FDAX

GARCH 16.907 17.421 18.437 19.812 20.086 19.087
EACR 12.206 12.688 14.015 15.878 17.467 18.524
BACR 12.550 13.059 14.701 17.081 19.185 21.069

EACCBACJ 12.052 12.550 13.972 15.755 17.284 18.295
BACCBACJ 12.335 12.760 14.232 16.410 18.390 19.583

Panel B: FESX

GARCH 27.555 27.754 28.167 29.790 27.789 27.606
EACR 27.055 27.796 28.689 30.055 27.736 28.157
BACR 27.598 28.362 29.695 31.520 29.641 30.850

EACCBACJ 26.407 27.185 28.054 29.562 27.448 27.853
BACCBACJ 27.092 27.686 28.375 29.642 27.521 27.957

Panel C: FSP

GARCH 6.462 6.898 7.081 6.994 6.775 5.816
EACR 3.721 4.006 4.769 5.486 5.791 5.334
BACR 3.818 4.137 4.965 5.774 6.113 5.464

EACCBACJ 3.733 4.015 4.800 5.533 5.909 5.530
BACCBACJ 3.672 3.921 4.574 5.082 5.211 4.435

Panel D: FNI

GARCH 5.941 6.243 6.491 6.478 6.424 6.442
EACR 4.957 5.454 5.719 5.898 5.603 6.125
BACR 5.002 5.448 5.884 6.460 6.860 7.685

EACCBACJ 4.970 5.447 5.748 5.954 5.613 6.248
BACCBACJ 4.991 5.392 5.638 5.777 5.472 5.975

Table 6: Root mean squared errors for realized volatility forecasts for the FDAX,

FESX, FSP, and FNI. The table depicts the RMSE of the realized variance forcast for a 1 up to
22 forecast horizon delivered by: GARCH, EACR, BACR, EACCBACJ and BACCBACJ.
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Figure 1: Time series plots of return and volatility measures for the FDAX and FESX. The left
panels show the time series plots for the FDAX and the right panels correspond to the FESX. The top panel
shows daily return, the second and third panel show the realized and the continuous volatility, the fourth panel
shows the significant jump component, and the bottom panel shows the significant jumps using as critical value
Φ0.05. All data are on daily frequency.
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Figure 2: Time series plots of return and volatility measures for the FSP and FNI. The left
panels show the time series plots for the FSP and the right panels correspond to the FNI. The top panel shows
daily return, the second and third panel show the realized and the continuous volatility, the fourth panel shows
the significant jump component, and the bottom panel shows the significant jumps using as critical value for
FSP Φ0.001 and for FNI Φ0.05. All data are on daily frequency.
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Figure 3: Histograms of the PIT sequence of the FDAX. The figure shows twenty-bin histograms
of the PIT sequence for forecast horizons ranging from h = 1 to 5 days. For h > 1 the data are thinned
into h sub-series which are iid U(0, 1) under the null hypothesis of a correct density forecast. The horizontal
solid lines show the minimum and the maximum relative frequency of the h sub-series in each of the twenty
histogram bins. Upper and lower bound (displayed in horizontal dashed lines) of the 95% confidence interval
are computed from the 0.025/h and 0.975/h quantiles of a binomial distribution with p = 0.05 and number
of draws equal to n, where n is the number of observations in each sub-series. The panel rows contain in this
ordering: EACC, WACC, BACC, ACH, and BACJ.
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Figure 4: Histograms of the PIT sequence implied by BACCBACJ. The first panel column contains
the results for the FDAX results, the second the FESX, the third the FSP and the fourth the FNI. See caption
of Figure 3 for explanations.
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Figure 5: Autocorrelations of the PIT series of the FDAX: BACC, ACH, BACJ, and BAC-

CBACJ. The horizontal lines superimposed on the autocorrelograms mark the 95% confidence intervals. The
first panel column contains the results for the FDAX results, the second the FESX, the third the FSP and the
fourth the FNI. The panel rows contain in this ordering: BACC, ACH, BACJ, and BACCBACJ.
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Figure 6: Histograms of the PIT sequence of the FESX. See caption of Figure 3 for explanations.
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Figure 7: Histograms of the PIT sequence of the FSP. See caption of Figure 3 for explanations.
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Figure 8: Histograms of the PIT sequence of the FNI. See caption of Figure 3 for explanations.
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