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1. Introduction

The yield curve (YC), constituted of mean interest rates of various maturi-
ties, contain expectations about the future state of the economy. In particular, the
movements of the YC shape may reveal specific features of the expectations and
the influence from macroeconomic and financial indicators. To treat this question,
Ang and Piazzesi (2003) proposed a macro-finance model incorporating economic
indicators as state factors alongside the latent variables. The related literature is
growing fast, including no-arbitrage models such as Ang et al (2007), Rudebusch
and Wu (2004), Hördahl et al (2006) and Dewachter and Lyrio (2006), or econo-
metric models such as Diebold et al (2006).

This work aims to contribute to that literature in methodological and empir-
ical aspects. We propose a method that combines monthly and daily data in the
estimation of the model. On the empirical side, we compare the properties of 5
models, which were estimated using data from 2 countries — U.S., a mature mar-
ket, and Brazil, an emerging market —, and in each case considering 2 types of
observed indicators, macroeconomic or financial, verifying whether the indicators
add information to the yields-only models, and vice-versa.

Furthermore, we analyze the effect of changes of regime on the reaction of
the yield curve to macroeconomic shocks. For the Brazilian sample, we test for
subsamples corresponding to the president Cardoso after the adoption of the float-
ing exchange rate and the inflation-target regime, and president Lula up to 2007.
For the U.S. sample, we compare the subsamples corresponding to Greenspan as
chairman of the Federal Reserve, and Bernanke in the same position.

The models used here can be classified in two categories. In the affine term
structure models, the relation between the state variables and the YC is derived
considering that it is not possible to arbitrage from rates of different maturities and
assuming that the short rate and the risk premium are linearly dependent on the
state variables. Those conditions introduce restrictions that reduce the number of
parameters but tend to complicate their estimation. In the econometric models,
there is no enforcement of no arbitrage conditions, but Diebold and Li (2006) argues
that if the data satisfies this condition and the model has good fitting, then this
condition is indirectly met.

The advantages and limitations of each approach, such as more formal rigor
instead of easier estimation, or clearer interpretation of the parameters instead of
better fitting, will be empirically confronted. The macroeconomic and financial
indicators are of complementary nature, the former being a direct, retrospective
and low frequency measure, and the latter being an indirect, prospective and high
frequency measure.

Once estimated, the models can show the dynamic effect of the identified shocks
on the YC. Then, it will be possible to compare the behavior of very different mar-
kets: U.S. possesses long and stable data, while Brazil, having presented multiple
changes of regime until recently, have short and less stable available data. In the
macroeconomic literature, the forward versus backward looking approach is an un-
solved issue (see Rudebusch and Wu, 2004). The macro finance models, when
combining macro variables and the YC, revisit this question. Since the YC is com-
posed of variables driven by expectations, a natural way to include expectations
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into a dynamic macro model is to incorporate the YC in the macro model. How-
ever, care must be taken with respect to the fact that macro and financial variables
have different temporal unities.

Macro variables are usually measured in monthly or quarterly frequency, which
is the periodicity of the macro finance models. Thus, the models ignore the almost
continuous time dynamics of the financial variables and in this sense are empiri-
cally different from the finance models. In the monthly models, the intra-month
variability of the daily variables is lost — by taking the monthly mean or selecting
the value observed for one day of the month —, implying in a loss of information.
We propose a version of the macro finance model that avoids this loss, which is
particularly important for the case of markets with shorter available samples.

The models were estimated with the Bayesian approach Monte Carlo Markov
Chain (MCMC), a method that obtains a sample of the joint distribution of the
parameters and functions of parameters. With this approach, it is possible to
calculate information criteria that compare the performance of models with different
degrees of complexity, and the confidence intervals of the impulse response and
variance decompositions.

The calculate the Gelman-Rubin convergence diagnostics of the Markov chains
generated by the Gibbs sampling and Metropolis-Hasting algorithms.

Our main empirical results are: 1) in the U.S. markets, the macro or financial
indicators do not add information to the yields-only model, but about 30% of
the variance of the YC is explained by macroeconomic shocks; 2) in the Brazilian
market, both indicators add information to the yields-only model, and in particular
the Bovespa index of the São Paulo Stock Exchange anticipates the YC movements,
but the macro shocks explain only a small fraction of the forecasting variance; 3) the
model that mixtures monthly and daily data produces similar results as the monthly
model for the YC in the U.S. market, but with greater precision, while in the
Brazilian case the results of the model with monthly data are substantially different
from the model with daily and monthly data, which indicates the limitations of
estimating the model with a short sample of a volatile market.; 4) the model for
the YC which presented the best performance in all the analyzed samples was the
common factor, the most flexible model; 5) we show that the effect of macro shocks
is different for the U.S. and Brazilian samples, as expected, but it is also different
when we consider the president Cardoso or president Lula subsamples, or consider
Greenspan and Bernanke subsamples.

The following section presents the model, and the sections 3 and 4 discuss
the identification and inference, the section 5 discusses the empirical exercises and
presents the descriptive and predictive performance of the estimated models. The
section 6 discusses the dynamic properties and section 7 concludes.

2. Term Structure

The macro-finance model used here extends usual term structure models, which
describe and predict the evolution of an YC through a reduced number of latent
factors and weights defined for each maturity and factor. There are different ap-
proaches in the literature for modeling the YC, each proposing alternative weight
matrices, which are derived from no arbitrage conditions or defined by some geo-
metrical or econometric consideration. Once estimated, they can be used to discuss
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questions such as the reaction function of the monetary policy, the risk premium
or the shape of the curve in a certain horizon.

The basic equations are given below, and include p observed variablesM besides
q latent factors θ.

(2.1) Yt = A+BMMt +Bθθt + σut, ut ∼ N(0, In),

Mt = µM +ΦMMMt−h +ΦMθθt−h +ΣMMǫ
M
t , ǫ

M
t ∼ N(0, Ip),

θt = µθ +ΦθMMt−h +Φθθθt−h +ΣθMǫ
M
t +Σθθǫ

θ
t , ǫ

θ
t ∼ N(0, Iq),

Let us rewrite equation (2.1) substituting the time index t by indices day d
and month m . We will consider two alternatives for the observed factor: either it
is collected with monthly frequency, in which case equation (2.3) is used, or it is
collected on a daily basis, which corresponds to equation (2.2).

Case where the observed factor M has daily frequency:

(2.2) Ymd = A+BMMmd +Bθθmd + σumd, umd ∼ N(0, In),

Mmd = µM +ΦMMMm−1d +ΦMθθm−1d +ΣMMǫ
M
md, ǫ

M
md ∼ N(0, Ip),

θmd = µθ +ΦθMMm−1d +Φθθθm−1d +ΣθMǫ
M
md +Σθθǫ

θ
md, ǫ

θ
md ∼ N(0, Iq),

Case where the observed factor M has monthly frequency:

(2.3) Ymd = A+BMMm +Bθθmd + σumd, umd ∼ N(0, In),

Mm = µM +ΦMMMm−1 +ΦMθθm−1d +ΣMMǫ
M
md, ǫ

M
md ∼ N(0, Ip),

θmd = µθ +ΦθMMm−1 +Φθθθm−1d +ΣθMǫ
M
md +Σθθǫ

θ
md, ǫ

θ
md ∼ N(0, Iq),

The usual way to estimate a monthly model is considering only the set of
information relative to a selected day d or taking monthly means. Instead, we
will take into account all days jointly, but under the assumption that there are
d independent models, one for each day d, and that all models share the same
parameters. This results in expressive gains in terms of precision. In the inference
section, this matter is discussed.

Therefore, the model is described by an observation equation that relates the
state variables (M,θ) with the YC, and by a transition equation for the state
variables. This equation is a vector autoregression (VAR) with shocks ǫ that are
unobservable but can be identified in the usual way in the literature. However,
our model differs from VAR because it also contains latent factors that require
additional restrictions, which is considered in the next section.

2.1. Models. We divide the models to be estimated in two types, econometric
and no arbitrage, the former constituted of common factor (cf), Nelson-Siegel (ns)
and Legendre (lg), and the latter, no arbitrage (na) and quasi no arbitrage (qn).

Except for the qn model, all were discussed previously. It approximates the
affine model, the difference being that only the recursive equation for B is main-
tained. A is estimated so as to null the mean measurement error. That is,
B(n) = −bn/n, where b1 = −δ1 and

bn+1 = −δ1 +Φ
⋆bn,

and A such that

σut = Yt −A−Bθθt −BMMt

has zero mean.
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2.2. Identification. The na and qn models were identified imposingΦ⋆θM = 0,
Φ⋆θθ upper triangular, Φθθ lower triangular, δθ = 1. For ns and lg case, we remember
the TL operator is constrained by β = I in order to preserve the factor weights.
Using α, we required that the last q (the number of latent factors) lines of BM be
constituted of zeroes.

In the cf case, the chosen conditions were: Σθθ = I, ΣθM = 0 and Φθθ lower
triangular.

3. Inference

All models are estimated via MCMC. The list of parameters Ψ depends on the
type of weight function of the observation equation. Each of the 5 cases require a
different version of the algorithm for estimation.

The full information likelihood is given by

f(Y |θ,M,Ψ) =
∏

t
f(Yt|θt,Mt,Ψ)

=
∏

t
exp

{
−1/2

[
ln |σσ⊺ |+ (Yt −A−BXt)

⊺ (σσ⊺)−1 (Yt −A−BXt)
]}
.

The marginal likelihood is given by

f(Y |M,Ψ) =
∏

t
f(Yt|Dt−1) =

∏
t
exp

{
−1/2

[
|Qt|+ (Yt − ft)

⊺Q−1t (Yt − ft)
]}
,

where Dt represents all observed information up to t and Qt, ft are defined in the
Kalman filter equations as seen before.

The MCMC works more efficiently when sampling from analytically known
distributions, in which case it is called Gibbs sampling. Thus, the idea is to break
the set of parameters into convenient subsets so that we can sample from a closed
form distribution. When this is not possible, we use the Metropolis-Hastings (M-H)
algorithm.

The Table below presents the complete list of parameters for each model, and
the subset of parameters with unknown analytical distribution. The subsets of
parameters are chosen in a convenient way such that, whenever possible, the con-
ditional distributions are known.

Model Parameters Estimated via M-H

cf Ψ = (µ,Φ,Σ, A,BM ,Bθ, σ, θ)
lg Ψ = (µ,Φ,Σ, A,BM , σ, θ)
ns Ψ = (µ,Φ,Σ, A,BM , σ, θ, ζ) ζ = γ
qn Ψ = (µ,Φ,Σ, A,BM , σ, θ, ζ) ζ = Φ⋆

na Ψ = (µ,Φ,Σ, A,BM , σ, θ, ζ) ζ = {µ⋆,Φ⋆, δ0, δ1,Σ}

MCMC inference sub-problems:

(1) (µ,Φ)k ∼ (µ,Φ|restk−1)
(2) σk ∼ (σ|restk−1)

(3) θk ∼ (θ|restk−1)
(4) (A,B)k ∼ (A,B|restk−1)
(5) Σk ∼ (Σ|restk−1): M-H for na
(6) ζi ∼ (ζi|rest

k−1): M-H
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The sub-problems corresponding to sampling the conditional distributions are
listed above. The parameters in items 1-4 have known distribution, and correspond
respectively to the estimation of a VAR, the estimation of the variance of inde-
pendent time series, the joint distribution of latent factors, whose distribution is
computed using the forward filtering, backward sampling (FFBS), and the estima-
tion of the covariance of multivariate time-series, for which only in na case, the
complete conditional distribution is unknown, requiring M-H. All parameters in
item 6 are sampled also need the M-H, in which we use a proposal centered in the
previous iteration, and a variance arbitrarily fixed in such a way that results in a
acceptance rate between 30 and 80%.

Models cf and lg are cases that only need Gibbs sampling. Models ns and
qn must use M-H algorithm for the parameter γ, and for the risk-neutral mean
reversion matrix Φ⋆. We remark that when M-H is required, the estimation must
be adjusted in order to maintain the acceptance rate in the fixed interval. Also,
that the matrix Σ is harder to estimate because it is simultaneously identified from
the premium variation contained in the cross-section of bond yields and from the
observation equation.

In each case, 7500 iterations are evaluated, of which the first 4500 are discarded.
The empirical distribution of the parameters is calculated using 1 every 3 of the last
3000 iterations to avoid the serial correlation of the Markov chain. A convergence
test was realized comparing the likelihood of the first third with the last, and in all
cases we obtained an indication of stability.

In the section in which we study the subsample differences, we further analyze
convergence using the Gelman-Rubin diagnostics, and compare the pure monthly
and the monthly-daily specification.

Next we explain our model that mixtures daily and monthly data. As described
in section 2, we define a monthly model for each day d, whose likelihood is L(Ψd|Dd),
whereDd is the information set associated to that day. We assume the independence
among the residues of each model, which allow the partition of the full likelihood
into day-d likelihoods,

L(Ψ|D) =
∑21

d=1
L(Ψ|Dd).

We use 21 as the highest value for d because the assume the month has 21 com-
mercial days, which is approximately the case. In this way, we turn a daily model
to 21 monthly models that are jointly estimated. Addicionaly, the estimations are
made under the assumption that

Ψd = Ψ.

The monthly macro data are replicated for all days of the month. This permits
the use of the same estimator, except that the variance must be correct to account
for the artificial repetitions of macro factors.

Now, the Clifford-Hammersley theorem permits decomposing the full estima-
tion problem into sub-problems, and only the sub-problem 1 of the algorithm is
affected by the replicated macro data, specifically the parameters of the transition
equation of the observed variables. We thus correct the variance of the distribution
of sub-problem 1.

3.1. Information Criterion. The models under investigation have a differ-
ent number of parameters, and hence they must be compared emphasizing fore-
casting performance or adherence to data. Gelfand and Ghosh (1998) proposed the
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minimum posterior predictive loss (PPL) criterion emphasizing forecasting perfor-
mance. Spiegelhalter (2002) proposed the deviance of information criterion (DIC)
emphasizing adherence. Besides those measures, we will calculate Theil’s U statis-
tical measure, which consists of normalizing the root mean squared errors (RMSE)
of out-of-sample forecasts and of in-sample adherence with respect to corresponding
measures using random walks.

The choice of the criterion should be linked to the objective of the work. Baner-
jee et al (2004) claims that PPL and DIC evaluate the fitting and penalize the degree
of complexity of the models. DIC takes into account the likelihood on the space of
the parameters and PPL on the posterior predictive space. Thus, when the main
interest lies is forecasting, the PPL is to be preferred, whereas when the capacity
of the model to explain the data is more interesting, DIC should be used.

3.1.1. PPL. For each realization of the distribution of the estimators Ψw ∼
(Ψ|Y ) there corresponds a forecasting for the yield curve Y | Ψw. Gelfand and
Ghosh (1998) proposes a loss function penalizing the expected error E(Y |Ψw)− Y
and the variance of the forecasts Y |Ψw−E(Y |Ψw). In our case, the target variable
is multivariate, so that we take the mean of the expected losses calculated for each
of the maturities. In other words, the criterion is:
(3.1)

PPL =
∑

n

∑

t

(Y nt −E(Y
n
t |Dt−h))

2+
1

2

∑

n

∑

t

1

Nw

∑

w

(E(Y nt |Ψ
w)−E(Y nt |Dt−h))

2 ,

where Nw is the number of realizations.
3.1.2. DIC. Spiegelhalter (2002) proposed a generalization of the AIC criterion

based on the distribution of the divergence D(Ψ) = −2 logL(Ψ):

(3.2) DIC = Ew(D(Ψw))− pd = 2E(D(Ψ))−D(Ew(Ψw)),

where pd = E(D(Ψ))−D(E(Ψ)) measures the equivalent number of parameters in
the model, E(D(Ψ)) is the mean of the divergences taken in the posterior distribu-
tion of the estimators and D(E(Ψ)) is the divergence calculated at the mean point
of the posterior distribution of the estimators.

The quality of out-of-sample forecasts are measured by normalized RMSE, or
Theil-U (t):

(3.3) t =

(∑
t(Yt − Ŷt|t−21)

2

∑
t(Yt − Yt−21)

2

)1

2

.

4. Empirical Analysis

One of our objectives is to empirically compare the different macro-finance
models using macroeconomic indicators (real activity, inflation) or financial factors
(stock exchange index, exchange rate), for 2 very different markets, U.S. and Brazil.
This motivated the examination of 4 cases denoted usM, usF, brM and brF.

The U.S. financial market is a mature market, with more stable variables and
longer periods without changes of monetary regime. In contrast, the Brazilian
economy was particularly unstable up to 1994 due to the high inflation levels, and
until 1998 followed a fixed exchange rate regime, potentially distorting prices in the
economy.

Since 1999 that Brazilian Central Bank adopted an inflation target regime
and Brazilian market operates in a stable way. Thus, this was our choice for the
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beginning of the sample. For the U.S. case, we follow other authors (for example
Diebold et al, 2006) and choose a sample beginning in 1987.

We separated 4 and 1 years of data for out-of-sample studies for U.S. and Brazil,
respectively, since in U.S. we have 20 years of data and in Brazil, 8 years. The data
was collected from the FED, which provides constant maturity zero coupon rates,
and BM&F, using DI x Pré interest rate swaps.

We use standard macro indicators, the inflation rate, measured from the con-
sumer price index, and the output gap, measured from the industrial sector capac-
ity utilization. In case of U.S., the data is available from FED, while for Brazil we
needed to construct an index . Both are measured with monthly frequency.

Indicators
Model Variable Source

usF log(sp500), short rate FED
usM capacity utilization, inflation rate (CPI) FED
BrF log of exchange rate, log of Bovespa index ipeadata
brM capacity utilization, inflation rate (IPCA) author const., IBGE

The financial indicators for Brazil are the Bovespa index and the exchange
rate, and for U.S., the Standard and Poor 500 index and the short rate, which is
separated from the yield curve and considered as a financial indicator as Diebold et
al (2006). For both markets and both models, there are 2 observed variables. The
Tables below summarize the specifications.

The inference depends on the size of the sample and the complexity of the
model, which varies with the number of parameters and latent factors. We esti-
mate a version using daily data (D) and another using a sub-sample with monthly
frequency (M), taking the tenth day of each month. Also, the versions have 2 or 3
latent factors.

Data description
Market U.S. Brazil

In Sample jan 1987/may 2003 jan -1999/mar-2006
Out of Sample jun-2003/may-2007 apr-2006/mar-2007
For Horizon 1m,12m 1m,6m
Maturity (m) 1,3,6,12,24,36,60,84,120 1,2,3,6,9,12,18,24,36

The results are organized in 3 parts. Initially, we evaluate the effect of the
choices in the yields-only model (y). Using the best weight function specifications,
we evaluate the effect of the inclusion of the observed variables, by measuring the
information added for the prediction of the yield curve, or vice-versa. Also, we
examine the impact of identified shocks on the YC.

Since the longest maturity in Brazil’s YC is only 3 years in our sample (longer
maturities appeared very recently), which limits the possibility of estimating the
curvature component, it may be the case that 2 latent factors should suffice. But
since its shape variability is greater, more than 2 factors could in fact be needed.
So, the 4 weight functions with 2 latent factors were estimated, and the best 2 were
also evaluated with 3 factors. In the case of the U.S., we considered the 4 weight
functions with 3 factors, and also the best version with 2 factors. The Table 1 shows
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the 2 information criterion (IC) for U.S. and Brazilian YC for (D,M) samples and
the 4 weighs functions.

Table 1: Model and number of factors
BR DIC PPL US DIC PPL

D M D M D M D M

cf2 -0.81 -3.85 432 416 cf2 -2.42 -1.15 72 72
cf3 -0.89 -4.21 422 405 cf3 -2.59 -1.23 66 68
ns3 -0.86 -4.10 431 416 ns3 -2.58 -1.23 72 74
ns2 -0.80 -3.78 459 449 lg3 -2.43 -1.15 78 79
lg2 -0.76 -3.63 509 478 qn3 -2.50 -1.17 67 99
qn2 -0.76 -3.65 1058 700
M: monthly data
D: daily data

According to the results, the common factor model fc is the best model using
the 2 information criterion and for the 2 samples. The flexibility of this model more
than compensated its disadvantage of requiring a greater number of parameters,
even for the case of monthly sample, that have 5% of the observations of the daily
sample. The model qn presented an almost as good result for U.S. with daily data
under PPL criterion, but not so in other cases. The model ns was the second best
and lg was the worst. Also, 3 factors models were better than 2 factors for U.S.,
but for Brazil there is no clear advantage of one with respect to the other.

We wanted to empirically test 3 hypothesis: 1) if the latent factors suffice to
describe the YC; 2) if the observed state variables incorporate information to the
yields-only model; 3) if the YC add information for the prediction of the observed
variables.

Diebold et al (2006) propose an macro-finance model assuming that BM = 0,
that is, the macro factors do not affect the yield curve directly, but affect the latent
factors in the state factor dynamics equation, and hence is an extension of the
purely financial model. This condition can be imposed in the affine model under
restrictive conditions: supposing that δM = 0 and that Φ⋆θM = 0, which implies
restrictions on the premium.

An important point that must be investigated is that, since the bond market
is traded in continuous-time, the information coming from macro shocks could be
instantaneously processed and incorporated by the yield curve. Hence, the addition
of macro factors as state variables might not alter the predictive capacity of the
model. This must be tested in and out of sample, and compared to the yields-only
model.

However, even if the explicit incorporation of macro factors does not improve
the forecasting performance, the macro finance is still a useful model because it can
be used to extract the economic content from the latent factors, by identifying the
macro shocks and its effect on the YC. Also, we can observe the effect of shocks of
the YC on the macro variables.

We are going to consider 4 levels of restrictions of the models: 1) unrestricted
(i); 2) imposing BM = 0, (r); 3) yields-only model (y); 4) unilateral specification
ΦMθ = 0, (u). The comparison among them will permit evaluate if observed vari-
ables add information — comparing i/y -, if latent factors suffice to describe the
YC — comparing i/r -, and if the latent factors add information to the observed
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variables sub-model — comparing i/u. The Table 2.1 presents the results for the
Brazilian market — brM and brF.

Number of estimated parameters of the models
Unrestr B Restr B Other Method i r u y

cf n(p+ q) np n+ (p+ q)2 GS 113 89 83 62
lg Nq 0 GS 94 70 61 40
ns nq + 1 1 GS+M-H 89 65 56 35
na (p+ q)(p+ q + 1) p(p+ 1) GS+M-H 98 64 58 34
qn p2 GS+M-H 98 64 58 34

Table 2.1: Model restrictions, Brazilian YC.
DIC D M

y r i y r i

M cf2 -0.81 -0.81 -0.82 -3.85 -3.85 -3.87
M ns2 -0.80 -0.80 -0.80 -3.78 -3.75 -3.85
F cf2 -0.81 -0.81 -0.82 -3.85 -3.85 -3.82
F ns2 -0.80 -0.80 -0.81 -3.78 -3.75 -3.75
F cf3 -0.89 -0.89 -0.89 -4.21 -4.21 -4.22
F ns3 -0.86 -0.86 -0.81 -4.10 -4.09 -4.06

PPL D M
y r i y r i

M cf2 432 420 423 392 403 384
M ns2 459 455 454 449 480 463
F cf2 432 410 353 416 410 435
F ns2 459 443 439 449 443 435
F fc3 422 410 363 405 387 401
F ns3 431 422 434 416 425 428
y: yields-only, r: restricted, i: unrestricted
M: macro indicator, F: financial indicator

For all cases, model (y) showed worse results than models (i, r), indicating the
relevance of the inclusion of the indicators. Another result is the dominance of
the cf model. According to the PPL criterion, among the brM models, the best
is model (r) for daily data and model (i) for monthly data. For brF, the best is
the unrestricted with 2 factors. The dic criterion discriminates less, but favor the
3 factor models for the brF case.

We consider that, among the robust results for Brazil, we have that the macro
or financial indicators incorporate information for the YC, fc is better than ns, and
the restriction BM = 0 can be inadequate in some cases.

To evaluate the predictive capacity of the models, Table 2.2 show in each column
the number of maturities with better forecasts than the random walk according to
t, s and d statistics defined above. All calculated out-of-sample.

The results show that the model (y) and the model that uses macro indicators
do not help to improve forecasting the yield curve. However, the Bovespa index and
the exchange rate do improve the YC forecasting using daily data for 6-month ahead
horizon. The model predicts better than the random walk for all the 8 maturities
of the YC on average, and considering statistical significance with one standard
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deviation, for between 5 and 7 maturities. It can interpreted that the fixed income
market in Brazil does not absorb immediately all available information, which allow
the inclusion of the observed variables to add information.

Table 2.2: Number of predicted yield maturities for the Brazilian YC.
BR D M

t1 s1 d1 t6 s6 d6 t1 s1 d1 t6 s6 d6
Y 0 0 0 0 0 0 1 0 0 2 0 0
Y|ind, inf 0 0 0 0 0 0 0 0 0 2 0 0
Y|ex, bov 0 0 0 8 7 5 1 0 0 5 0 1
ind: cap. util, inf: inflation, ex: exchange rate, bov: Bovespa
t: TU, s: significance 95% TU, d: Diebold-Mariano

The Table 3.1 presents the effect of the addition of macro and financial indica-
tors for the U.S. case. The financial indicators are the short rate and the S&P500.
Since the usF has one maturity less than the usM, the information criteria are not
comparable. The PPL criterion chooses the yields-only (fc) model as the best one
for both samples. Hence, the observable factors did not improve the model. The
yields only model was sufficient to explain the YC.

Consistently with the results in Table 3.1, Table 3.2 shows that the forecasting
performance of the yields-only model is at least as good as the other models. The
information from the additional indicators would have been already processed in
the YC.

Table 3.1: Model restrictions, U.S. YC, 3 factors
DIC PPL
D M D M

M cf -2.84 -2.85 -2.85 -1.35 -1.35 -1.36 72 78 72 73 80 76
M ns -2.84 -2.84 -2.84 -1.35 -1.27 -1.35 79 78 78 82 82 81
F cf -2.59 -2.59 -2.59 -1.23 -1.2 -1.23 66 68 69 68 77 70
F ns -2.58 -2.59 -2.59 -1.23 -1.24 -1.23 72 70 70 74 70 70

Table 3.2: - Number of predicted yield maturities, U.S. YC
D M
t1 s1 d1 t12 s12 d12 t1 s1 d1 t12 s12 d12

Y 3 1 1 4 3 3 2 0 1 4 0 2
Y 4 1 1 4 3 3 4 0 1 3 0 1
Y| ind, inf 4 0 0 5 4 4 5 0 0 5 0 4
Y| sp, ff 4 1 1 3 3 2 2 0 1 2 0 0

ind: cap. util., inf: inflation, sp: Standard&Poor 500, ff: Fed Fund
To evaluate if the latent factor (YC) add information for forecast observed

indicators we calculate the PPL criterion (in sample) and the Theil-U statistic (out-
of-sample) for these variables. We compare these results between the unrestricted
model (i) and the macro-to yield model (u) in which these state variables do not
depend on the latent factors. Tables 4 and 5 present the results. We use the
model version according the frequencies of the indicators, monthly (M) for macro
indicators and daily (D) for financial indicators.

Table 4: Evaluating indicators performance: Brazil
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D M
PPL Theil-U PPL Theil-U
ex bov ex1 ex6 bov1 bov6 ind inf ind1 ind6 inf1 inf6

i 4.40 8.53 - - - 0.79 253 489 - 0.77 - 0.70
u 4.71 8.76 - - - - 283 563 - - - -
Table indicates “-“ when tu>1 for 95 percentile

For Brazilian macro indicators, the latent factors add information according
PPL criterion and for the 6-month ahead prediction of the output gap and inflation.
For financial indicators the latent factors add information only for the 6-month
ahead prediction of the Bovespa index. The predictive capacity for the exchange
rate is null for all cases.

Table 5: Evaluating indicators performance: US
D M
PPL TU PPL TU
sp ff sp1 sp12 ff1 ff12 ind inf ind1 ind12 inf1 inf12

i 4.35 28.91 - 0.85 0.85 - 40 312 - - 0.87 0.88
u 1.40 11.06 - - - - 44 315 - - 0.86 0.87
Table indicates “-“ when tu>1 for 95 percentile

For U.S, according PPL criterion, the latent factors, do not improve the fore-
casting performance of the macro and financial indicators. Just improve of the S&P
500 index for the 12-month horizon, and of the short rate for the 1-month horizon
in case of daily sample.

4.1. Effect of the Macro Shocks. In the macro finance model, the latent
factor and the transition equation shocks are identified with arbitrary restrictions.
However, section 3 shows that the impulse response functions of the YC (IRFY)
and of the observed variables do not depend on the identification of the latent fac-
tor. Only the impulse response function of the latent factors depends. Hence, the
identification of the response of the YC and of the indicators is as arbitrary as of a
structural VAR, which depend on the identification of the contemporaneous rela-
tions of the shocks in reduced form. This is usually solved imposing an exogeneity
ordering for the state factors.

The expectations of the agents that determine the YC are affected by macro
shocks in general, thus it is reasonable to suppose that the observed innovations
— reduced form shocks — of the latent factors contain the identified macro shocks,
and not the other way. This implies that the macro shocks are more exogenous
than the latent factor shocks. This choice of ordering separates from the unex-
pected variation of the latent factors the unexpected variation of the observed state
variables.

To situate our work in the literature, we discuss briefly 3 articles with similar
objectives. The article Diebold et al (2006) is a monthly model with data from
01/1987 to 12/2001, estimated for U.S., has output gap, inflation and 3 latent
factors. They use a dynamic Nelson-Siegel model with BM = 0 (only latent factors
determine the YC on the observation equation). The shocks are identified with the
assumption that the shocks on the latent factors are more exogenous than on macro
indicators. The main results are: 1) the macro shocks explain only 1%, 12-month
after the shocks, of the level and slope movements; 2) the effect of the shock on the
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output gap on the level and slope is positive, and the effect of the inflation shock
is null.

Rudebusch and Wu (2003) make an ample discussion of “structural” restric-
tions, inspired on macroeconomic models, on the relation between the macro indi-
cators (inflation and output gap) and the 3 latent factors. Those restrictions allow
the interpretation of the latent factors as unobserved factors of the monetary policy
. It is a monthly affine model using data from 01/1988 to 12/2000. The main results
are: 1) the economic indicators do not explain much of the YC; 2) the inflation and
output gap shocks rise the slope but explain little of the level movements.

Finally, Ang et al (2007) use an affine model with quarterly data from 06/1952
to 12/2004, and, differently from the others, suppose that the transition of the
state variables — output gap, inflation and 1 latent factor — be an autoregressive
process with order greater than 1. They discuss extensively monetary policy mod-
eling, such backward or forward-looking. The authors do not present the impulse
response function of the YC, IRFY, but document that the output gap and infla-
tion correspond to 29% and 38% of the level of the rates, and 73% and 20% of the
slope. Of the models presented so far, it is the only one showing significant macro
effect on the YC.

The results of this section and of the next one were obtained using the cf model
with 2 latent factors for the case of Brazil or 3 latent factors for the U.S. case. We
begin by assessing the effect on the YC of state variables shocks. To this end, we
present variance decompositions of the YC forecasts and of the indicators, for a
given horizon, between the identified shocks on the indicators and the joint effect
of the shocks on the latent factors. The Table 6 presents the decompositions for 6
month ahead (Brazil) and 12 month ahead (U.S.). In both Tables the first 2 lines
refer to the effect of the shocks on the observed state factors, the third the effect of
the sum of the shocks on the factors, and the last line present the standard error of
the last measure. Tables 6.1 and 6.2 present the results for models brM and usM.

On the Table, s indicates the shocks on the capacity utilization (ind), inflation
(inf), factors 1 and 2. F represents the sum of the factors 1 and 2, while sd(F) is
the standard deviation of F.

Table 6.1: brM: Proportion of 6-month ahead forecasting variance
D M
r-ind r-inf r-st r-mt r-lt r-ind r-inf r-st r-mt r-lt

s-ind 0.71 0.04 0.03 0.01 0.01 0.69 0.08 0.12 0.04 0.03
s-inf 0.06 0.74 0.18 0.03 0.02 0.14 0.71 0.13 0.33 0.35
s-f1 0.12 0.05 0.30 0.00 0.05 0.14 0.02 0.47 0.01 0.06
s-f2 0.10 0.17 0.49 0.96 0.93 0.03 0.19 0.28 0.62 0.56
s-F 0.23 0.22 0.79 0.97 0.98 0.17 0.21 0.75 0.63 0.62
sd(F) 0.07 0.07 0.05 0.02 0.02 0.09 0.07 0.16 0.18 0.18
s: shocks, r: response, F=f1+f2, ind: cap. util., inf: inflation
st: short term, mt: mean term, lt: long term, sd: standard deviation

Tab 6.2: usM: Proportion of 12-month ahead forecasting variance
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D M
r-ind r-inf r-st r-mt r-lt r-ind r-inf r-st r-mt r-lt

s-ind 0.63 0.00 0.19 0.13 0.03 0.52 0.00 0.10 0.07 0.02
s-inf 0.04 0.96 0.16 0.20 0.27 0.03 0.96 0.48 0.45 0.45
s-f1 0.20 0.01 0.04 0.04 0.02 0.30 0.01 0.02 0.12 0.07
s-f2 0.12 0.01 0.01 0.07 0.32 0.14 0.01 0.04 0.02 0.16
s-f3 0.02 0.02 0.59 0.57 0.36 0.01 0.03 0.37 0.34 0.30
s-F 0.33 0.03 0.65 0.68 0.70 0.44 0.04 0.42 0.47 0.53
sd(F) 0.07 0.02 0.06 0.05 0.05 0.11 0.02 0.15 0.14 0.14
s: shocks, r: response, F=f1+f2+f3, ind: cap. util., inf: inflation
st: short term, mt: mean term, lt: long term, sd: standard deviation

The results of the monthly model are less precise than the daily model, as
expected. Brazil’s YC is little affected by the inflation and output gap shocks,
except the short rate (1-month yield). This result may be a consequence of the
lower historical amplitude of the Brazilian sample, having less economic cycles at
disposal. For the case of U.S., the macro shocks correspond to about 30% of the
path of the YC. The output gap shock has a decreasing effect, contrary to inflation
shock.

It is reasonable to suppose that unexpected alterations of inflation and output
gap would affect the YC, and thus we would expect that the identified shocks should
explain a relevant proportion of the YC movements. In this sense, our results seem
interesting when compared to 2 of the articles discussed above, both estimated with
macro-finance models with monthly data. Our results are more close to Ang et al
(2007).

For the models with financial indicators, we analyzed only the Brazilian case.
As before, the observed factors are assumed more exogenous than the latent factors.
In this case, we are interested in evaluating the effect of shocks on 2 important prices
of the economy, the exchange rate — result of net capital flows and current account
balances and having an important role on the formation of domestic prices — and
the Bovespa index of the stock exchange, a measure of the expected profitability of
the firms.

Table 6.3: brF: Proportion of 6-month ahead forecasting variance
D M
r-ex r-bov r-st r-mt r-lt r-ex r-bov r-st r-mt r-lt

s-ex 0.73 0.01 0.02 0.04 0.04 0.54 0.02 0.01 0.01 0.01
s-bov 0.02 0.96 0.1 0.29 0.31 0.01 0.64 0.02 0.05 0.08
s-f1 0.07 0.01 0.44 0 0.05 0.24 0.05 0.46 0.01 0.05
s-f2 0.18 0.02 0.44 0.67 0.6 0.21 0.29 0.52 0.93 0.87
s-F 0.25 0.03 0.88 0.67 0.65 0.45 0.34 0.98 0.94 0.91
sd(F) 0.04 0.01 0.04 0.01 0.01 0.15 0.12 0.14 0.05 0.07
s: shocks, r: response, F=f1+f2, ind: cap. util., inf: inflation
st: short term, mt: mean term, lt: long term, sd: standard deviation

The exchange rate has a negligible effect — and statistically not significant
— on the YC, while the Bovespa index is responsible for about 30% for the YC
variation, and is not affected by the latent factor shocks. This result shows again
the importance of this index.
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4.2. Impulse Response Function. The dynamic effect of the macro shock
on the YC will be assessed through the response function of the level and slope
of the YC. We present 4 graphics for each model — inflation, output gap, level
and slope shocks — where each graphics contain the interval of highest density a
posteriori (95% significance), with respect to an impulse response estimated with
daily and monthly sample.

In all cases, in particular for the Brazilian market results, the estimations with
daily sample are more precise, due to the greater quantity of information. Also,
the results do not depend on the selected day of the month.

Examining the response of the YC to output gap and inflation shocks for both
daily and monthly samples, we arrive at the conclusion that the results for U.S.
and Brazil differ. In case of Brazil, of the 4 graphics considered, only the response
of the level to the out put gap is similar for both samples. For the other graphics,
either the response is not significant — case of the response of the slope to the
output gap — or they are different. For the U.S. case, the results are similar for
the 4 graphics. The similarity for the U.S. results and the divergence for Brazilian
results may indicate the lower importance of daily data for the U.S. and the risk
of obtaining inadequate results for Brazil when using less data. We note that the
monthly sample has 194 observations for U.S. and 84 for Brazil.

Comparing the results of the daily sample estimations for both markets, we
observe that the level of the rates rise smoothly with the unexpected rise of output
gap, and jump and decays for an unexpected rise in inflation. The response of the
slope is not significant in some cases. When significant, the results are similar.

In the case with financial indicators, the unexpected rise in exchange rate —
devaluation of the Real — promotes the increase of the level and slope of the rates,
which is a signal of worsening economic conditions. The rise of the Bovespa index
promotes the reduction of the level and slope of the rates, indicating an inverse
condition. Here too we remark the fragility of the monthly sample results.

In what follows, we present the impulse response functions of two models. The
figures contain the one-deviation above and below response of the level and slope
to the macroeconomic and financial indicators.

The thin line represents the model estimated with monthly data and the thick
line estimated with all data.

First, the impulse responses of the cf model are shown. After that, we present
impulse responses of the ns model for some cases for comparison.

5. Changes of Regime

In this section we divide the full sample into subsamples of interest to analyze
differences in the behavior of the yield movements after macro shocks, and calculate
the Gelman-Rubin MCMC convergence diagnostics.

The first Brazilian sub-sample starts after the change to floating exchange rate
and the adoption of the inflation target, under the Cardoso presidency in 1999. The
second sub-sample starts when president Lula takes place in 2003.
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The U.S. sample is divided in the subsample during which Greenspan was the
chairman of the Federal Reserve, starting in 1987, and the subsample after Bernanke
substituted Greenspan. This subsample ends in 2008.

In all cases in this section, we use the Nelson-Siegel model.
The variance decompositions of the monthly models are given below.

Table: Variance decomposition, FHC 1999-2003. Monthly. NS.
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VD Resp-M1 Resp-M2 Resp-L1 Resp-L2 Resp-Y1 Resp-YN
ch-M1 0.2899 0.0989 0.0636 0.0354 0.0615 0.0365
ch-M2 0.0977 0.2521 0.1612 0.0864 0.0892 0.0803
ch-L1 0.1440 0.2284 0.3349 0.3297 0.1932 0.3118
ch-L2 0.4683 0.4205 0.4402 0.5486 0.6562 0.5714
dp-M1 0.2095 0.0963 0.0830 0.0540 0.0742 0.0553
dp-M2 0.1012 0.1594 0.1438 0.0910 0.0945 0.0877
dp-L1 0.0773 0.0965 0.1431 0.1067 0.0808 0.1026
dp-L2 0.1932 0.1861 0.1856 0.1174 0.1126 0.1102
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Table: Variance decomposition, Lula 2003-2007. Monthly. NS.
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VD Resp-M1 Resp-M2 Resp-L1 Resp-L2 Resp-Y1 Resp-YN
ch-M1 0.5201 0.0721 0.0956 0.0510 0.0698 0.0514
ch-M2 0.2023 0.7529 0.3446 0.4398 0.4674 0.4584
ch-L1 0.0242 0.0141 0.1071 0.1476 0.0290 0.1211
ch-L2 0.2534 0.1609 0.4527 0.3617 0.4338 0.3692
dp-M1 0.1583 0.0666 0.1041 0.0435 0.0687 0.0424
dp-M2 0.1145 0.1422 0.1440 0.0761 0.1284 0.0799
dp-L1 0.0188 0.0194 0.0788 0.0313 0.0197 0.0290
dp-L2 0.0923 0.1215 0.1291 0.0586 0.1139 0.0611
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Table: Variance decomposition, Greenspan 1987-2006. Monthly. NS.
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DV Resp-M1 Resp-M2 Resp-L1 Resp-L2 Resp-Y1 Resp-YN
ch-M1 0.7529 0.0030 0.2685 0.0065 0.1413 0.0193
ch-M2 0.0872 0.9508 0.1520 0.2012 0.2072 0.2054
ch-L1 0.0828 0.0087 0.5135 0.2712 0.0560 0.2219
ch-L2 0.0771 0.0375 0.0661 0.5211 0.5955 0.5534
dp-M1 0.1132 0.0033 0.0774 0.0048 0.0544 0.0097
dp-M2 0.1038 0.0394 0.1352 0.1203 0.1563 0.1253
dp-L1 0.0573 0.0092 0.0983 0.0466 0.0252 0.0413
dp-L2 0.0767 0.0337 0.0576 0.0806 0.1215 0.0892

Table: Variance decomposition, Bernanke 2006-2008. Monthly. NS.
DV Resp-M1 Resp-M2 Resp-L1 Resp-L2 Resp-Y1 Resp-YN
ch-M1 0.1094 0.0622 0.0509 0.0401 0.0541 0.0514
ch-M2 0.6907 0.7616 0.7715 0.7140 0.7630 0.7459
ch-L1 0.0482 0.0399 0.0435 0.0656 0.0368 0.0372
ch-L2 0.1518 0.1363 0.1341 0.1803 0.1460 0.1654
dp-M1 0.1164 0.0740 0.0804 0.0544 0.0820 0.0726
dp-M2 0.2441 0.1993 0.2596 0.2282 0.2644 0.2533
dp-L1 0.0563 0.0516 0.0898 0.0690 0.0771 0.0636
dp-L2 0.1425 0.1385 0.1791 0.1542 0.1877 0.1839

Next, we present the model combining daily and monthly data.

Table: Variance decomposition, FHC 1999-2003. Mixed. NS.
DV Resp-M1 Resp-M2 Resp-L1 Resp-L2 Resp-Y1 Resp-YN
ch-M1 0.4585 0.0660 0.0527 0.0231 0.0172 0.0208
ch-M2 0.0322 0.5104 0.1213 0.0181 0.0461 0.0147
ch-L1 0.1314 0.1780 0.4573 0.4178 0.2320 0.3998
ch-L2 0.3779 0.2456 0.3687 0.5410 0.7047 0.5647
dp-M1 0.1916 0.0586 0.0402 0.0150 0.0064 0.0125
dp-M2 0.0450 0.1556 0.0950 0.0251 0.0221 0.0203
dp-L1 0.0547 0.0715 0.0609 0.0235 0.0140 0.0192
dp-L2 0.1585 0.1225 0.1136 0.0319 0.0195 0.0257

Table: Variance decomposition, Lula 2003-2007. Mixed. NS.
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DV Resp-M1 Resp-M2 Resp-L1 Resp-L2 Resp-Y1 Resp-YN
ch-M1 0.4458 0.0418 0.0128 0.0408 0.0182 0.0352
ch-M2 0.2459 0.8002 0.4673 0.4172 0.5484 0.4609
ch-L1 0.0502 0.0161 0.0741 0.1880 0.0566 0.1504
ch-L2 0.2581 0.1420 0.4458 0.3540 0.3768 0.3535
dp-M1 0.1367 0.0365 0.0166 0.0239 0.0146 0.0211
dp-M2 0.0841 0.1103 0.0530 0.0495 0.0450 0.0496
dp-L1 0.0175 0.0117 0.0135 0.0226 0.0108 0.0192
dp-L2 0.0623 0.1036 0.0430 0.0363 0.0369 0.0342

Table: Variance decomposition, Greenspan 1987-2006. Mixed. NS.
DV Resp-M1 Resp-M2 Resp-L1 Resp-L2 Resp-Y1 Resp-YN
ch-M1 0.8752 0.0035 0.3372 0.0072 0.1428 0.0205
ch-M2 0.0219 0.9578 0.0171 0.1450 0.1919 0.1579
ch-L1 0.0624 0.0081 0.6152 0.2963 0.0574 0.2425
ch-L2 0.0405 0.0306 0.0305 0.5515 0.6079 0.5792
dp-M1 0.0584 0.0038 0.0254 0.0019 0.0189 0.0035
dp-M2 0.0279 0.0319 0.0157 0.0308 0.0486 0.0331
dp-L1 0.0451 0.0083 0.0267 0.0130 0.0089 0.0117
dp-L2 0.0486 0.0271 0.0194 0.0204 0.0381 0.0232

Table: Variance decomposition, Bernanke 2006-2008. Mixed. NS.
DV Resp-M1 Resp-M2 Resp-L1 Resp-L2 Resp-Y1 Resp-YN
ch-M1 0.2382 0.1009 0.0876 0.0318 0.0955 0.0855
ch-M2 0.4211 0.5264 0.4142 0.6017 0.3754 0.3831
ch-L1 0.0623 0.0484 0.0210 0.0820 0.0214 0.0428
ch-L2 0.2785 0.3243 0.4772 0.2845 0.5077 0.4886
dp-M1 0.1460 0.0688 0.0671 0.0260 0.0747 0.0652
dp-M2 0.1767 0.1942 0.2498 0.1240 0.2587 0.2183
dp-L1 0.0352 0.0353 0.0201 0.0244 0.0219 0.0289
dp-L2 0.1476 0.1816 0.2201 0.1106 0.2287 0.1928

Next, we present the impulse response functions of the purely monthly models.
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The impulse response of the mixed models is given next.

Now, we turn to perform a study to check the convergence of the MCMC chains
used in this section. In each case, we generated 3 chains and calibrated a step for
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the random walk Metropolis to the lambda parameter of the Nelson-Siegel model
such that the acceptance rate stay between 0.20 and 0.40.
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For the case of the monthly models, we generated 100.000 iterations, and for
the caso of the mixed models, 10.000 iterations, because they have 21 times more
yield data.
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In all cases, we calculate the Gelman-Rubin statistics R. The closest to 1 the
better. We accept if it is less than a critical number, for instance 1.1.
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FHC — monthly — NS
Acceptance rate: 0.3505, 0.3327, 0.3427
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R = 1.0240, 1.0041, 1.0832
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The models with mixed data are presente in what follows.
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Gelman-Rubin diagnostics:

R = 3.4926, 1.1696, 1.6497
Lula — daily — NS
Acceptance rate: 0.65283, 0.64274, 0.64334
Lambda chains
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Gelman-Rubin diagnostics:
R = 2.1144 1.9233 1.8263
Likelihood chains
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6. Conclusion

The relation between the YC and the macro variables have been examined
by diverse authors that propose different approaches to relate this two kinds of
variables, analyzing in general developed markets, using the usual temporal unity
of macroeconomic models, and adding latent factors.

Here we make a comprehensive study of this relation, examining in paral-
lel a mature market (U.S.) and a emerging market (Brazil), assessing different
approaches for the specification of the latent factors, using a Bayesian inference
method (MCMC), and proposing methodological improvements.

The finance models usually use daily or weekly samples, and macro models usu-
ally use monthly or quarterly data. The most straightforward solution to this dis-
crepancy is to discard information from the financial data to adequate to the macro
variables frequency. This solution can be particularly troublesome for emerging
markets such as the Brazilian, which in general dispose of shorter stable monetary
or economic regimes. To deal with it, we propose a modification of the monthly
model that uses all information available from the financial data.

The latent factors are statistical constructions that depend of identification
restrictions. In case the models have observed state variables, the identification of
the factors was only partially discussed in the literature. In this text we formally
show the identification scheme and the effect of changes of identification on the
impulse response functions.

Using different criteria that measure the information and forecasting perfor-
mance, we conclude that the common factor model used in the multivariate time
series literature presented results at least as good as those used in the macro-finance
literature, the affine or the Nelson-Siegel.

Another result is the difference between mature and emergent markets. For
U.S. case, the description of the YC using yields-only models is as good as those
that also use macro or other observed factors. That is, the observed variables, or
at least those that were tested here, do not add information to the model. On the
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other hand, for Brazil, the incorporation of observed factors such as the output gap,
inflation, exchange rate and Bovespa index improve the model and its forecasting
performance. This may indicate that the U.S. market process all relevant market
information more efficiently than Brazilian market.

Moreover, we document the advantage of using a model using data with dif-
ferent frequencies, and the similarity of the response for the Brazilian and U.S.
markets, as seen from the variance decompositions and impulse response functions.

We considered here only 2 types of indicator variables, and we limited ourselves
with first order autoregressive models. The model can be extended relaxing either
aspects, investigating other sources of determination of the YC and considering
models dynamically richer. Another possibility is to estimate common trends and
idiosyncrasies using a multi-curve model with data from more than one emerging
country.
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