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Abstract. Our objective is to compare the forecasting performance of al-
ternative term structure models using data from the Brazilian and the U.S.
markets. We test latent factor models, Diebold and Li (2006) 2-stage approach
and versions that include macro factors.

Our results indicate that the macro-…nance versions improve the fore-
casting in the Brazilian market, but not so in the U.S. Also, our long horizon
predictions are relatively better than the short horizon.

We …nd no clear advantage of DL models over the fully jointly estimated
latent factor models. But the performance of Nelson-Siegel and common factor
models turned out to be somewhat superior to the a¢ne model.
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1. Introduction

The term structure models have at least 3 clear purposes: the modelling of
the yield curve for the pricing of bonds, swaps, options and other derivatives, a
routine task for …nancial market participants; as one of the fundamental tools
for monitoring market expectations of important macroeconomic factors such as
in‡ation, real activity and risk premium; and to make forecasts of the yield curve
and other economic variables.

Moreover, Treasuries must manage the emission and maintenance of the stock
of public debt, a process that continuously demands forecasts of the yield curve.
Investors must track their portfolios performance against the cost of opportunity
of investing in bonds. And the Central Banks both reacts to and a¤ects the short
and long ends of the curve, in a complex relation.

Thus, numerous studies have been devoted to term structure models. How-
ever, relatively few have tested their empirical properties, in particular their out-
of-sample forecasting performance.

This work aims to compare the forecasting performance of a number of latent
factor models, Diebold and Li (2006) type of models, and autoregressive models
(AR and VAR). We also assess the e¤ect of including observed factors into the
models.

Diebold and Li (2006), henceforth DL, propose a 2-stage model to forecast the
U.S. term structure using Fama-Bliss monthly data. It showed better results than
a series of other models from the literature.

On the other hand, Du¤ee (2002) documents that the a¢ne models produce
poor forecasts of the Treasure yields. As a consequence, for the purpose of fore-
casting, the DL model seems to …t well, since is considerably simpler to estimate:
on a …rst stage, for every time t, the curve is regressed on factor weights; then, the
parameters of the autoregressive dynamics are estimated.

However, no one in the literature empirically compares the di¤erent types of
models using the same sample, for instance to assess the performance of DL type
of models with respect to the full latent factor models, and macro-…nance versions
of it. An exception is Vicente and Tabak (2007), which compares the DL model
with a¢ne models for Brazilian data, and showed that both models produced long
term forecasts that stood well against random walk forecasts.
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Another reason for estimating various latent models is the following: a model
that imposes no arbitrage restrictions is conceptually superior to a purely econo-
metric model, being derived from equilibrium considerations, although being more
numerically tractable and using less restrictive hypothesis than full general equi-
librium models. However, the Nelson-Siegel and common factor models are easier
and faster to estimate than a¢ne models.

Also, Du¤ee (2007) documents that the a¢ne models no-arbitrage restrictions
do not improve the forecasting. We will test here for another set of data how
the a¢ne model behaves against a model that simply eliminates the Du¢e-Kan
restrictions: the common factor model.

Furthermore, we test for data from 2 countries, to check the performance of the
models for di¤erent types of market. We choose to use U.S. and Brazilian data, to
stress the di¤erence between a developed and an emerging market.

Another question is whether models with macro factors are more useful for
emerging markets than for developed markets, since it is believed that the latter
would be more informationally “e¢cient”, so that the yield curve already contains
all the information. Of course, the forecasting performance depends as much on
the markets special characteristics as on the models properties.

The models estimated in this work are the following: the common factor model,
the a¢ne model, an approximate a¢ne model, and the Nelson-Siegel model, all of
them latent factor models. Additionally, DL type models with either Nelson-Siegel
or Legendre factor weights, and AR and VAR. Some versions will contain macro
factors as state variables.

Macro-…nance models started with the work of Ang and Piazzesi (2003), AP,
and has been attracting the attention of the macro and …nance literature. On one
hand, the …nancial term structure models are based on no-arbitrage principles (and
econometric considerations) to construct consistent relative interest rates from the
short rate and risk premium, but the short rate is a function of internal unobservable
state factors. On the other hand, the macro theory models the short rate as a
response function to observed factors such as the in‡ation and the output gap, but
do not model the long rates properly, since there is no risk premium. AP combines
both worlds by including a Taylor rule into an a¢ne model.

We test the multifactor models using 3 datasets: the Brazilian Futures Mar-
ket (BM&F) DIxPRE swaps, the Federal Reserve’s constant maturity zero-coupon
yield curve, and the Fama-Bliss monthly sample of constant maturity. Since DL
estimated their models using Fama-Bliss database, and so some results can be com-
pared.

When using macro-…nance models, it is customary to use monthly or quarterly
data, given the frequency of macro data. However, the availability of data and
changes of regime of the Brazilian economy restricts the temporal range of the
Brazilian sample. Motivated by this, we test models with daily data and compare
it to the monthly models. What we observe is that although daily data models do
not forecast better in mean, they do have a gain in precision, exhibiting a lower
dispersion.

The latent models were estimated using Kalman …lter and Monte Carlo Markov
Chain, which generates samples of the distributions of the estimators and of asso-
ciated statistics. This permits the construction of performance criteria which also
take into account the e¤ect of the estimators’ uncertainty.
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The next sections present the models, section 3 the inference and section 4 the
results. Section 5 concludes.

2. Term Structure Models

Y denote the vector of n interest rate yields, X = (M, θ) the state vector
compose of p macro factors and q latent factors. The general equations

(2.1) Yt = A(.) + Bθ(.)θt + BM(.)Mt + σut , ut » N (0, In),

(2.2) Xt = µ + ©Xt¡h + §εt , εt » N (0, Ip+q),

where h denote the lag size, accommodate the latent factor and DL models. They
are di¤erentiated by the de…nition of the factor loadings A(.) and B(.) and estima-
tion method.

Di¤erent lag sizes h will be tested. When using monthly data, the lag is h = 1.
When using daily data, we …x h = 21, which corresponds to the average num-
ber of commercial days in a month. This lag choice turns a daily model into a
sum of monthly models: the full loglikelihood L can be decomposed into monthly
loglikelihoods:

(2.3) L(ª, θjM, Y ) =
P21

d=1 Ld(ª, θd jM d, Y d ),

where the superscript d indicates that the data and variables are constrained to
the day d of any given month. The 21 monthly models are independent, but the
set of parameters is the same. In this way we estimate a monthly model using all
available data, instead of a particular sub-sample or average. DL used the same
idea with monthly data and 6 or 12 months ahead predictions.

In the following, we de…ne the models that were estimated and compared. First,
the latent factor models: the Nelson-Siegel, common factor, Legendre and a¢ne.
The de…nition of A(.) and B(.) in each case is given below:

² A¢ne (na): An = ¡an/n and Bn = ¡b|
n/n, where an and bn are given

by recursive equations: a1 = ¡δ0, b1 = ¡δ1, and for every n, b|
n+1 =

¡δ|
1 + b|

n(©¡ §λ1) and an+1 = ¡δ0 +an + b|
n(µ¡ §λ0)+ 1

2b
|
n§§|bn. We

denote ©? = © ¡§λ1 and µ? = µ ¡§λ0, the dynamic’s parameters under
Q.

² Quasi-a¢ne (qn), an approximation of the previous model that is easier
to estimate: Bn is calculated as above, but An is determined such that
σut = Yt ¡ A ¡ Bθθt ¡ BMMt has zero mean.

² Common factor (cf): unrestricted A, B .
² Nelson-Siegel (ns): Bθ

n = (1, (1 ¡ e¡γn) /γn, (1 ¡ e¡γn)/γn ¡ e¡γn ), A
and BM are unrestricted.

² Legendre (lg): Bθ
n =

¡
1, x,(3x2 ¡ 1)/2, (5x2 ¡ 3x)/2

¢
, where x = 2n/n? ¡

1 and n? is the longest maturity. Unrestricted A and BM .

The set of parameters is di¤erent for each model: na) ª = (δ0,δ1, λ0, λ1, µ, ©, §, σ);
qn) ª = (δ1, λ1,µ, ©, §, σ); cf) ª = (A, B, µ,©, §,σ ); ns) ª = (A, BM , γ, µ, ©, §, σ);
lg) ª = (A, BM , µ, ©, §, σ).

Some characteristics of the models are brie‡y discussed in what follows. The
ns (Nelson and Siegel, 1987) and lg (Almeida, 1998) models, based on Laguerre and
Legendre functions, respectively, have less parameters, are easier to estimate than
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the na model, but impose shape restrictions that may be too restrictive. In the ns
model, the latent factors can be interpreted as level, slope and curvature.

The na model (Du¢e and Kan, 1996) enforces the no arbitrage assumption
through a particular speci…cation for the dynamics of the risk premium and short
rate - they are linearly dependent of the state variables -, is more ‡exible with
respect to the format of the curve, has less parameters than cf model, but some of its
parameters, mostly related to the premia, are highly nonlinear, which complicates
the estimation.

Finally, the cf model comes from the multivariate time series literature (see
Harvey, 1989, or West and Harrisson, 1997), is maximally ‡exible and tend to be
easy to estimate, in spite of being the one with most parameters, specially when
large amount of data is available, which is the case of samples with daily frequency.

Next, autoregressive and vector autoregressive models are estimated in yields-
only or with macro versions:

(2.4) AR: Y n
t = µ + ©nY n

t¡h + un
t ,

(2.5) VAR: Y n
t = µ + ©nZt¡k + en

t , Zt = (Y 1
t , Y n?/2

t , Y n?

t ).

Y n?/2
t indicates the yield whose maturity corresponds to the position bn?/2c on the

yield vector. In the VAR with macro factors, Zt = (Y 1
t , Y n?/2

t ,Y n?

t , Mt).
Diebold and Li (2006) type models complete the list. First, estimate θt for

every t in

(2.6) Yt = Bθθt + σut, ut » N (0,In ),

where Bθ have the Nelson-Siegel or Legendre weights. Then, given bθt , the other
parameters are estimated via a AR or VAR:

(2.7) bθt = µ + ©bθt¡h + §εt, εt » N (0, Ip+q).

In the version with macro factors, the dynamics is rewritten as:

Mt = µM + ©MM Mt¡h + ©M θbθt¡h + §MM εM
t ,(2.8)

bθt = µθ + ©θM Mt¡h + ©θθbθt¡h + §θM εM
t , εM

t + §θθεθ
t .

These models are easier to implement and faster to run than the latent factor
models, but are de…ned under clearly more restrictive assumptions.

3. Inference

The latent factor models are estimated via Monte Carlo MarkovChain (MCMC),
a Bayesian approach, which obtains the joint distribution f (ª, θjM, Y ) of the pa-
rameters and latent variables conditional on observed data. Thus, instead of the
usual point estimation, MCMC gives the distribution of the parameters supported
by the data.

The algorithm only requires the repeated sampling from complete conditional
distributions, and thus avoids the di¢cult task of high dimensional nonlinear opti-
mizations.

The description of the MCMC (see Johannes and Polson, 2003, and Robert and
Casela, 2005) involves i) the presentation of the Gibbs sampling and Metropolis-
Hastings algorithms; ii) the Cli¤ord-Hammersley theorem; and iii) Markov process
limit theorems.
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Although the extremely complex joint distribution f (ª, θjM, Y ) is generally
unknown, the Cli¤ord-Hammersley theorem guarantees that if the “positivity”
condition is satis…ed, it can be uniquely characterized by the lower dimensional
distributions f (ªjM, Y, θ) and f (θjM, Y, ª), which, in turn, can be characterized
by lower dimensional distributions: if ª = (ª1, .., ªn), the set of distributions
f (ªi jª¡i, M, Y, θ) determines f (ªjM, Y, θ).

Then, by sequentially sampling and updating the set of complete conditional
distributions, the original distribution is recovered. This algorithm is known as
the Gibbs sampling, and generates a Markov chain whose invariant measure is
f (ª, θjM, Y ). Under the positivity condition, the ergodic and the central limit
theorems apply. Thus, the chain formed from the Gibbs sampling chain converges
to desired distribution.

In some cases, not all complete conditionals are known, and the Metropolis-
Hastings method is used instead. In this case, the sampling comes from a candidate
distribution, whose realizations are accepted or not with a probability given by the
relative likelihood with the new drawing versus the old one.

In order to successfully implement the MCMC, the idea is to break the set
of parameters ª = (µ, ©, σ, ζ) - where ζ depends on the model - into convenient
subsets that can be analytically sampled, and this is not possible, use Metropolis-
Hastings. Below, we explain the steps of the implementation.

cf ns na qn
ζ = (A, B, §) ζ = (γ, §) ζ = (δ0, δ1, µ?, ©?, §) ζ = (δ1, ©?, §)

The algorithm starts from an initial vector (ª0,θ0) , and then repeat for k =
1..N ,

(1) Draw (µk, ©k) » p(µ, ©jσk¡1,ζk¡1, θk¡1, Y, M ),
(2) Draw σk » p(σjµk, ©k, ζk¡1, θk¡1, Y, M),
(3) Draw θk » p(θjµk, ©k, σk , ζk¡1, Y, M),
(4) Draw ζk

i » p(ζi jµk , ©k, σk ,θk , ζk¡1
¡i , Y , M).

Steps 1-3 use Gibbs sampling, and corresponds to, respectively, the estimation
of a VAR model, the estimation of the its variance, and the joint distribution of
latent factors. The step (4), relative to ζ, will be discussed for each case. More
speci…cally, for the k-th repetition, we have:

Subproblem 1:

(3.1) f (µ, ©jσk¡1, ζk¡1,θk¡1, Y ,M ) » N ((X| X)¡1X| X?, (X| X)¡1  §),

where X = (X1, ..., XT¡1)|, X ? = (X2, ..., XT )| , X = (M, θ).
Subproblem 2:

(3.2) f (σjµk, ©k, ζk¡1, θk¡1, Y, M) » IG(diag(U| U),n),

where U = Y ¡ A ¡ BX, and IG is the inverse gamma distribution.
Subproblem 3:

(3.3) f (θjµk ,©k ,σk, ζk¡1, Y, M ).

This problem is solved via the FFBS algorithm (Carter and Kohn, 1994). See
Matsumura and Moreira (2007).

Subproblem 4:

(3.4) f (ζ ijζk¡1
¡i , µk, ©k, σk , θk , Y, M).
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This subproblem contains di¤erent parameters for each case.
² §: For the ns, qn and fc cases, the distribution is known: it is given by

the inverse wishart distribution.

(3.5) f (ζ ijζk¡1
¡i , µk, ©k, σk , θk , Y, M).

For the na case, the distribution is unknown. Independence Metropolis
with a inverse wishart proposal: draw a candidate ζk

i » ζk¡1
i + N (0, c),

where c is a constant. If

(3.6) L(ζk
i jζk¡1

¡i , µk, ©k, σk , θk , Y, M ) ¡ L(ζk
i jζk¡1

¡i , µk , ©k , σk, θk, Y ,M ) > log(z),

where L is the likelihood, detailed below, and z » U(0, 1), then accept it,
otherwise ζk+1

i = ζk
i . Calibrating c, the acceptance ratio is maintained in

the 30-80% range.
² δ0, µ?: na case. Usually, these parameters are estimated via Metropolis.

But using an observation by Johanes and Polson (2006) that µ? appears in
a linear way on the pricing equation, we arrived at an analytical derivation
for µ?. Rearranging the recursive equations, we have:

Bn = δ|
1(I + ©? + .. + ©?n¡1)/n,(3.7)

An = δ0 + ηnµ? + ζn ,
ηn = (B1 + .. + Bn )
ζn = ¡n(B1§§| B|

1 + .. + Bn¡1§§| B|
n¡1)

Thus

Y n
t = An + BnXt + σnut(3.8)

= δ0 + ηnµ? + ζn + BnXt + σnut ,
eY n

t = Y n
t ¡ BnXt ¡ ζn = δ0 + ηnµ? + σnut

so that δ0,µ? can be solved by generalized least squares.
² δ1, ©?: na case. Random walk Metropolis with Normal proposal.
² γ : ns case. Random walk Metropolis with.
² A, B : fc case. The solution is a regression similar to that for µ, ©.

3.1. Identi…cation and speci…cation. Some of the parameters above can-
not be chosen by inference. Restrictions are necessary in order to identify the model.
Otherwise, in…nite sets of parameters will correspond to the same likelihood.

The degrees of freedom of the models can be represented by invariant operators,
which are de…ned in the following.

Consider a non-singular matrix L 2 R(p+q)£(p+q),

(3.9) L =
µ

I 0
α β

¶
,

where I 2 Rp£p is the identity, and α 2 Rp£q , β 2 Rq£q . The operator TL acts on
fª, Xg:

na : fª, Xg 7! f(δ0, (L| )¡1δ1, λ0, λ1L¡1, Lµ, L©L¡1, L§, σ), LXg;
qn : fª, Xg 7! f((L| )¡1δ1, λ1L¡1, Lµ, L©L¡1, L§, σ), LXg;
cf : fª, Xg 7! f(A, BL¡1, Lµ, L©L¡1,L§, σ), LXg;
ns : fª, Xg 7! f(A, BM ¡ Bθβ¡1α, γ, Lµ, L©L¡1,L§, σ), LXg;
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In the ns cases, β = I , because Bθ is …xed.
TL transforms the latent factor and adjusts its “macro” content:

(3.10) θt 7! αMt + βθt .

Let ν 2 Rp+q , ν = (0, ν θ)| . The operator Tν shifts the latent factors:

na : fª, Xg 7! f(δ0 ¡ δ|
1ν, δ1,λ0 ¡ λ1ν, λ1, µ + (I ¡ ©)ν , ©, §, σ), X + νg;

qn : fª, Xg 7! f(δ1,λ1, µ + (I ¡ ©)ν , ©, §, σ), X + νg;
cf : fª, Xg 7! f(A ¡ Bν,B, µ + (I ¡ ©)ν , ©, §, σ), X + νg;

ns : fª, Xg 7! f(A ¡ Bν,BM , γ, µ + (I ¡ ©)ν, ©,§, σ), X + νg;
The last operator, TO , where O 2 Rd£d is a rotation matrix, rotates the pa-

rameters related to the Brownian motion and preserves X :

(3.11) § 7! §O|

TO is related to the VAR ordering of the state variables with respect to endogeneity.
The operators are constructed so as to preserve the short rate, the risk premium

and the observed factors. In fact, they preserve the likelihood, as is shown next.
The format of the likelihood depends on the type of treatment for the stochastic
singularity that appears when there are more maturities than latent factors.

Proposition 1. The invariant transformations preserve the likelihood.

Proof. We show that the marginal and full-information likelihoods are pre-
served, i.e.,

L(Y jM, ª) = L(Y jM, eª) and L(Y jX, ª) = L(Y j eX, eª),

where ( eX, eª) are the transformed variables and parameters. This is easily seen for
the full information likelihood, which is given by

L(Y jX, ª) =
Y

t
f (Ytjθt, Mt , ª)

=
Y

t
exp

©
¡1/2

£
ln jσσ| j + (Yt ¡ A ¡ BXt)

| (σσ| )¡1 (Yt ¡ A ¡ BXt)
¤ª

.

We turn to the marginal likelihood case, given by

L(Y jM, ª) =
Y

t
f (Yt jYt¡1, Mt¡1, ª)

=
Y

t
exp

©¡1/2
£jQtj + (Yt ¡ ft)| Q¡1

t (Yt ¡ ft)
¤ª

,

which depends on the Kalman …lter equations (see West and Harrison, 1997): Given
X0 » N (m0, C0), the prior of the state variables is de…ned as

Xt jYt¡1, Mt¡1,ª » N (at ,Rt),

the forecast of the yields as

Yt jYt¡1, Mt¡1,ª » N (ft, Qt),

and the posterior of the variables as

XtjYt, Mt,ª » N (mt ,Ct),
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where

at = µ + ©mt¡1,
Rt = ©C |

t¡1©
| + V, V = §§|,

ft = A + Bat,
Qt = BRtB| + σ| σ,

where V = §§| , and A and B are the factor weights. Also, due to the fact that
Mt is observable,

(3.12) mt = (Mt , mθ
t ) and Ct =

µ
0 0
0 cθ

t

¶

where

mθ
t = aθ

t + [RtB| Q¡1
t (Yt ¡ ft)]θ ,

cθ
t = [Rt + RtB|Q¡1

t BR|
t ]θθ .

Now, apply TL, Tν and TO on the above equations and note that they preserve
L(Y jM, ª). See Matsumura and Moreira (2007). ¤

By eliminating the degrees of freedom α, β ,ν , O, the models are identi…ed. The
many ways to do it gives rise to multiple exact speci…cations.

We will estimate 3 versions of each latent model:
² A full macro-…nance version, which we call unrestricted (u).
² An over-identi…ed version where BM = 0, as adopted by Diebold et al

(2006), denoted restricted (r), in which the observed factors only a¤ect
the yields through the transition equations.

² The yields-only version (y ).

3.2. Performance Criteria. Since the models under investigation have a
di¤erent number of parameters, the likelihood is not the best metric for comparison.
We use other in-sample and out-sample criteria.

For the out-of-sample results, we de…ne 3 measures using the Theil-U, which is
the ratio between the root mean squared errors (RMSE) of the model forecasts and
the RMSE of the random walk forecasts. When the processes under study have high
persistency, the random walk frequently adheres to data better than sophisticated
models.

TU =

Ã
X

t

(Yt ¡ bYtjt¡h)2/
X

t

(Yt ¡ Yt¡h)2

! 1
2

.

The 3 criteria are the number of maturities such that:
² The mean TU is less than 1 (t).
² E(TU)+1.65σ(TU) < 1 (s), statistically signi…cant t. The MCMC permits

the sampling of TUs.
² The Diebold-Mariano criterion is satis…ed.

There are also two in-sample criteria.
² Divergence of Information (DIC): Spiegelhalter (2002) proposed a gener-

alization of the AIC criterion based on the distribution of the divergence
D(ª) = ¡2 log L(ª):

(3.13) DIC = Ew (D(ªw )) ¡ pd = 2E(D(ª)) ¡ D(Ew (ªw )),
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where pd = E(D(ª)) ¡ D(E(ª)) measures the equivalent number of pa-
rameters in the model, E(D(ª)) is the mean of the divergences taken
in the posterior distribution of the estimators and D(E(ª)) is the diver-
gence calculated at the mean point of the posterior distribution of the
estimators.

² Posterior Predictive Loss (PPL): For each realization of the distribution of
the estimators ªw » (ªjY ) there corresponds a forecasting for the yield
curve Y j ªw . Gelfand and Ghosh (1998) proposes a loss function penal-
izing the expected error E(Y jªw) ¡ Y and the variance of the forecasts
Y jªw ¡E(Y jªw ). Since in our case the target variable is multivariate, we
take the mean of the expected losses calculated for each of the maturities:

(3.14)

PPL =
X

n

X

t

(Y n
t ¡ E(Y n

t jDt¡h))2+
1
2

X

n

X

t

1
Nw

X

w

(E(Y n
t jªw ) ¡ E(Y n

t jDt¡h))
2 .

4. Results

The models are evaluated in 2 markets with distinct features. The Brazilian
domestic term structure is taken from DIxPRE swap contracts traded in the Brazil-
ian Futures Market (BM&F). There are 2 sources for the U.S. term structure. One
is a daily sample, available from the Federal Reserve, free of coupon and with con-
stant maturity yields. The other is the monthly Fama-Bliss sample, also constant
maturity and zero-coupon, and used by other authors such as DL.

Table 1. Data description.
Market Brazil U.S.(FED) U.S.(Fama-Bliss)
In-sample Jan 99 - Mar 06 Jan 87 - May 03 Jan 85 - Jan 92
Out-of-sam. Apr 06 - Mar 07 Jun 03 - May 07 Fev 92 - Dec 00
Forec. Hor. 1m, 6m 1m, 12m 1m, 12m
Matur. (m) 1,2,3,6,9,12,18,24,36 1,3,6,12,24,36,60,84,120 3,12,36,60,120

Each model has a daily data (estimated as explained with a 21 days lag) and
a monthly data version. The purpose was to compare the e¤ect of reducing the
frequency of observations. Since we are estimating macro-…nance versions, we face
a trade-o¤ between the using the complete data from a smaller set of high frequency
variables and using a larger set of variables in a lower frequency, so as to include
more macroeconomic variables.

This trade-o¤ is specially important for emerging countries, which have rela-
tively shorter and less accurate historical series as compared to advanced economies,
and have much more frequent changes of regime, which further reduce the available
amount of data.

For the Brazilian market, we evaluate the importance of observed factors for
forecasting by comparing versions with and without an observed factor. We tested
a number of candidate factors (not reported here), of which the log of the Ibovespa
(São Paulo Stock Exchange Index) proved to be the most useful.

The starting point in our Brazilian sample is January 1999, after the forced cur-
rency devaluation - speculative attack -, when Brazil adopted the ‡oating exchange
rate regime, which consequently a¤ected the domestic prices formation mechanism.
Shortly after, in July 1999, the In‡ation Target regime was established. Even very
recent events greatly a¤ected the domestic and sovereign bonds. In September 2002,
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one month before a presidential election, the EMBI Plus measure of Brazil country
risk reached 2436 basis points above the U.S. rate, while in 2007 it remained around
200 points. The data ends in March 2006, and the forecasting exercise uses 1 year
of data afterwards.

The U.S. data begins in Jan 1987. In august 1987, Greenspan was con…rmed
as the Chairman of the Federal Reserve, two months before the Crash of the NY
Stock Exchange. Relevant events were the LTCM collapse shortly after the Russian
default in August 1998, which threatened the credit markets, the Internet bubble
and the terrorist attack in 2001which led the FED to continuously lower the short
rate down to 1%.

The proportion of the variance explained by the …rst 3 principal components of
the correlation matrix is given below, and suggests that the markets have at most
3 sources of independent stochastic variance.

Table 2.
First Second Third

Swap 90.5 9.0 0.5
FED 95.9 3.6 0.5

Table 3 compares the posterior predictive loss of the yields-only and of the
restricted models for Brazilian data. The restricted common factor model had the
lowest value, and thus is the best one under the criterion.

Table 3. Brazil. In-sample information criteria.
model Daily Monthly

PPL PPL
cfr 1.519 1.528
nsr 1.574 1.581
nar 2.198 2.165
cfy 1.547 1.553
nsy 1.596 1.611
nay 1.893 1.865

The results of the out-of-sample tests are summarized in Table 4. One of the
conclusions is that the models are not very usefull for short term predictions (1
month ahead), but had good results for longer horizons, as seen by DL.

Also, in the Brazilian case, the inclusion of the Bovespa Index substantially
improved the long term predictions, although did not alter the short term results.

The daily data model did not show better predictions than the monthly data
model, but the results with daily data are more precise. The MCMC generates
samples of the distribution of the parameters, with which one can compute samples
of the TU distribution. The last row of Tables 5 and 6 exhibit the values of one
standard deviation of the distribution of TU’s.
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Table 4A. Brazil. Out-of-sample criterion.
Daily

model t1 s1 d1 t6 s6 d6
cfr 1 1 0 8 7 4
nsr 0 0 0 9 8 3
nar 0 0 0 8 8 8
cfy 0 0 0 0 0 0
nsy 0 0 0 0 0 0
nay 3 2 2 1 1 0

Table 4B. Brazil. Out-of-sample criterion.
Monthly

model t1 s1 d1 t6 s6 d6
cfr 2 0 0 7 3 5
nsr 0 0 0 9 5 4
nar 0 0 0 8 8 8
cfy 1 0 1 2 0 0
nsy 0 0 0 2 0 0
nay 1 0 0 4 3 3

The full description of the out-of-sample results is given in Tables 5 and 6. We
list the models TUs for all maturities. In Table 5A, the models are estimated with
daily data, and in Table 5B with monthly data. The …rst columns contain the
models with macro factors and the last the yields-only models. Both give 1-month
ahead forecasts.

The same exercise is repeated for 6-months ahead forecasts in Tables 6A and
6B.

Table 5A. Brazil. Daily. TU 1-month.
Mat cfr nsr nar fcy nsy nay
1 1.26 1.77 1.59 1.22 1.48 5.09
2 1.11 1.55 1.46 1.36 1.65 0.64
3 1.09 1.48 1.49 1.66 1.93 0.43
6 1.12 1.37 1.82 2.51 2.57 1.32
9 0.98 1.16 1.91 2.66 2.65 1.03
12 0.87 1.02 1.78 2.42 2.49 0.91
18 1.10 1.05 1.35 1.90 2.48 2.12
24 1.43 1.11 1.21 1.62 2.61 2.91
36 1.90 1.51 5.30 1.49 3.30 1.47
sd 0.17 0.24 0.09 0.14 0.20 0.12
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Table 5B. Brazil. Monthly. TU 1-month.
Mat cfr nsr nar fcy nsy nay
1 1.28 1.97 1.67 0.92 1.60 3.45
2 1.21 1.82 1.41 1.06 1.63 1.33
3 1.24 1.77 1.38 1.36 1.78 1.87
6 1.40 1.72 1.64 2.27 2.30 2.07
9 1.38 1.58 1.80 2.56 2.45 1.41
12 1.33 1.45 1.77 2.41 2.39 1.01
18 1.50 1.45 1.49 1.96 2.54 1.83
24 1.77 1.47 1.54 1.65 2.69 2.43
36 2.25 1.89 5.95 1.58 3.44 1.20
sd 0.71 0.81 0.41 0.55 0.75 0.45

Table 6A. Brazil. Daily. E(TU) 6-month.
Mat cfr nsr nar fcy nsy nay
1 0.66 0.79 0.22 1.03 1.08 1.65
2 0.58 0.68 0.31 1.11 1.18 1.04
3 0.51 0.61 0.35 1.22 1.31 0.98
6 0.37 0.48 0.51 1.56 1.66 1.03
9 0.34 0.41 0.60 1.76 1.89 1.24
12 0.42 0.43 0.65 1.88 2.04 1.52
18 0.72 0.54 0.68 2.07 2.33 2.08
24 1.00 0.63 0.67 2.22 2.56 2.49
36 1.43 0.71 1.47 2.59 3.11 2.29
sd 0.12 0.10 0.06 0.08 0.06 0.05

Table 6B. Brazil. Monthly. E(TU) 6-month.
mat cfr nsr nar fcy nsy nay
1 0.86 1.14 0.31 0.84 1.02 1.14
2 0.81 1.02 0.35 0.91 1.07 0.51
3 0.76 0.93 0.38 1.01 1.16 0.47
6 0.69 0.76 0.50 1.33 1.44 0.57
9 0.70 0.66 0.59 1.54 1.65 0.78
12 0.78 0.63 0.66 1.66 1.80 1.04
18 1.03 0.71 0.75 1.84 2.09 1.52
24 1.29 0.81 0.84 1.98 2.32 1.86
36 1.76 0.96 1.68 2.34 2.89 1.60
sd 0.57 0.43 0.27 0.36 0.32 0.26

Finally, the auxiliary models, composed of ar, var and the models estimated a
la DL (Nelson-Siegel and Legendre without macro, ns an lg, and with macro, nsv
and lgv) did not perform better than the full estimation of the latent factor models.
As before, the results for longer horizons are better, particularly for var, nsv and
lgv.
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Table 7. Brazil. Auxiliary models.
monthly ar ns lg nsr lgr var nsv lgv
t1 0 0 0 0 1 0 0 0
t6 0 0 0 1 0 5 5 3

Now we present the U.S. term structure results. In this case, preliminary studies
indicated that the macro factors do not improve the performance of the models,
and so we restricted the number of models to yields-only models.

By the in-sample information criterion, PPL, the Nelson-Siegel and the quasi-
a¢ne models are better than the common factor model, di¤erently from the Brazil-
ian case.

Table 8. In-sample information criterion. U.S.
monthly daily

cfy 0.290 0.275
nsy 0.256 0.250
qny 0.254 0.252

Table 9 summarizes the out-of-sample results. When we consider the daily
data case, we see that even for 1-month ahead forecasts, the models showed some
predictive capacity, since for 3 of 9 maturities, the error was less than of the random
walk. The situation improves when considering 12-months ahead predictions. The
Nelson-Siegel model presented the best results.

Table 9A. U.S. Out-of-sample criterion. Daily.
model t1 s1 d1 t12 s12 d12
fc 3 3 1 4 3 3
ns 3 3 1 7 6 3
qn 3 3 0 4 3 0

Table 9B. U.S. Out-of-sample criterion. Monthly.
model t1 s1 d1 t12 s12 d12
fc 3 1 1 3 0 3
ns 1 1 0 4 0 0
qn 1 1 0 2 0 0

Table 10A. US. Monthly. TU 1-month. TU 12-month.
TU 1m TU 12m

mat qny fcy nsy qny fcy nsy
1 2.85 1.18 2.15 1.18 1.36 0.95
3 0.90 0.80 0.83 1.38 1.33 1.15
6 1.29 1.31 1.23 1.40 1.37 1.18
12 1.59 1.39 1.48 1.38 1.33 1.20
24 1.16 1.07 1.09 1.19 1.17 1.13
36 1.02 1.00 1.03 1.08 1.09 1.10
60 1.15 0.99 1.02 0.98 1.01 1.10
84 1.48 1.02 1.02 1.02 1.01 1.12
120 1.85 1.12 1.10 1.18 1.08 1.18
sd 0.11 0.09 0.12 0.31 0.26 0.26
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Table 10B. U.S. Daily. TU 1-month. TU 12-month.
TU 1m TU 12m

mat qny fcy nsy qny fcy nsy
1 1.61 0.86 1.71 1.35 1.06 0.78
3 0.84 0.58 0.66 1.45 1.07 0.98
6 1.13 1.13 1.09 1.37 1.14 1.01
12 1.09 1.20 1.25 1.21 1.14 1.02
24 0.86 0.88 0.87 0.95 1.04 0.93
36 0.84 0.84 0.84 0.86 0.98 0.90
60 0.84 0.84 0.84 0.87 0.89 0.87
84 0.93 0.86 0.86 0.99 0.84 0.90
120 1.07 0.94 0.91 1.11 0.87 0.93
sd 0.03 0.02 0.03 0.06 0.05 0.05

The last tables show the results with Fama-Bliss data. The models are com-
pared with the latent factor models. The column dl in Table 11B contain the DL
results.

Table 11A. U.S. Fama-Bliss: Latent and Auxiliar. 1-month ahead.
tu1 fc2 ns2 fc3 ns3 ar var nsc lgc nsr lgr
3 2.21 2.08 0.93 1.40 1.06 0.95 1.11 0.90 0.98 0.95
12 0.98 1.00 0.96 1.51 1.01 1.13 1.01 1.02 0.98 1.00
36 0.98 1.19 0.98 1.20 0.99 1.06 1.07 0.99 1.00 1.01
60 1.07 1.88 1.07 1.50 0.99 1.21 1.14 1.04 1.06 1.06
120 1.61 3.15 1.62 2.31 1.04 1.32 1.16 0.99 1.02 1.02

Fama-Bliss 11B: U.S. Latent and Auxiliar. 12-month ahead.
tu12 fc2 ns2 fc3 ns3 ar var ns lg nsv lgv dl
3 0.77 1.05 0.94 1.35 0.96 1.31 1.39 0.71 0.85 0.75 0.73
12 0.81 0.89 0.86 1.33 0.96 1.58 1.23 0.74 0.72 0.74 0.70
36 0.79 0.94 0.79 1.37 0.80 1.73 1.46 0.75 0.83 0.80 0.74
60 0.89 1.11 0.87 1.56 0.80 1.89 1.67 0.82 0.97 0.89 0.82
120 1.20 1.47 1.17 1.97 1.41 2.46 2.06 0.93 1.16 0.98 0.93

5. Conclusion

Using MCMC, we estimated di¤erent classes of term structure models, in order
to assess the comparative advantages concerning out-of-sample forecasting, preci-
sion of the results, and computational time.

We conclude that the IBovespa was responsible for improving the latent factor
models using Brazilian data, whereas for the U.S. case no observed factor was clearly
helpfull. The 6-months ahead TU’s are in general better than 1-month ahead. DL
models are certainly easier to estimate, but the latent factor models, estimated in
a more statistically sound way showed at least as good results.

The common factor model and Nelson-Siegel model were the models that per-
formed relatively well in most cases.
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