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Abstract

This paper studies estimation and inference in a quantile regression dynamic panel
model with fixed effects. To reduce the dynamic bias we develop an instrumental
variables approach that employs lagged regressors as instruments. We show that the
proposed estimators are consistent and asymptotically normal. We suggest Wald and
Kolmogorov-Smirnov type tests for general linear restrictions. Monte Carlo studies are
conducted to evaluate the finite sample properties of the estimators and tests. The
instrumental variables approach turns out to be especially advantageous in terms of
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1 Introduction

This paper studies estimation and inference in a quantile regression dynamic panel data

models with individual specific intercepts in addition to strictly exogenous explanatory vari-

ables. Consistency of the estimators in standard dynamic panel data depends critically on

the assumptions about the initial conditions of the dynamic process. Anderson and Hsiao

(1981, 1982) and Arellano and Bond (1991) have shown that instrumental variables methods

are able to produce consistent estimators that are independent of the initial conditions. To

reduce the dynamic bias in the quantile regression dynamic panel with fixed effects we de-

velop an instrumental variables approach that employs lagged (or lagged differences of the)

regressors as instruments. Thus, the model combines the instrumental variables concept for

dynamic panel data, and the quantile regression instrumental variables framework proposed

by Chernozhukov and Hansen (2005, 2006, 2008). We show that under some mild regular-

ity conditions provided Na/T → 0, for some a > 0, the quantile regression dynamic panel

instrumental variables (QRIV) estimators are consistent and asymptotically normal. Monte

Carlo experiments show that, even in short panels, the proposed estimators can substantially

reduce the dynamic bias. In addition, we propose a Wald and Kolmogorov-Smirnov tests for

general linear hypothesis, and derive the respective limiting distributions.

Semiparametric panel data models have attracted considerable interest in both theory

and applications since the Gaussian assumptions underlying classical least squares methods

are sometimes implausible. Manski (1987), Honore (1992), Kyriazidou (1997), Honore and

Kyriazidou (2000), Honore and Lewbel (2002), and Koenker (2004) all discuss estimation

and inference in the semiparametric context. Koenker (2004) proposes a general approach

to estimate static quantile regression models for longitudinal data with fixed effects, thus

allowing one to control for unobserved individual heterogeneity. Abrevaya and Dahl (2007)

and Geraci and Bottai (2007) propose different approaches for quantile regression static panel

data. The latter uses a likelihood approach under asymmetric Laplace distributions and the

former considers the “correlated random effects” model of Chamberlain (1982). Quantile

regression methods allow one to explore a range of conditional quantiles exposing a variety of

forms of conditional heterogeneity under weaker distributional assumptions, and also provide

a framework for robust estimation and inference. However, it is often desirable to use panel

data to estimate behavioral relationships that are dynamic in character, models containing

lagged dependent variables, and this poses some new problems. As shown in Koenker and
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Xiao (2006a), quantile regression models with dynamic regressors offers a systematic strategy

for examining how covariates influence the location, scale, and shape of the entire response

distribution, potentially exposing a variety of forms of heterogeneity in response dynamics.

There is an extensive literature on estimation of fixed effects dynamic panel data mod-

els for conditional means, and various instrumental variables (IV), generalized method of

moments (GMM), and least squares dummy variables estimators have been proposed to at-

tenuate the dynamic parameters bias; see, for instance, Anderson and Hisao (1981, 1982),

Arellano and Bond (1991), Arellano and Bover (1995), Ahn and Schmidt (1995), Kiviet

(1995), Ziliak (1997), Blundell and Bond (1998), Hahn (1999), Bun and Carree (2005). Re-

cently, a number of additional approaches to reduce the bias in dynamic and nonlinear panels,

that use the asymptotic approximations derived as both the number of individuals, N , and

the number of observations per individual, T , go to infinity jointly, have been proposed;

see, for example, Arellano and Hahn (2005) for a survey, and Hahn and Kuersteiner (2002),

Alvarez and Arellano (2003), Hahn and Kuersteiner (2004), Hahn and Newey (2004), Carro

(2007), Bester and Hansen (2007), Fernandez-Val and Vella (2007) for specific approaches.

The approach proposed in this paper to reduce the bias in the quantile regression dy-

namic panel data with fixed effects exploits elements of the panel data instrumental variables

literature. Most instrumental variables estimators are at least partly based on the intuition

that first differencing yields a model free of fixed effects. Despite its appeal as a procedure

that avoids estimation of the individual specific effects parameters, differencing transforma-

tion to eliminate the fixed effects is not available in the quantile regression framework, and

we are required to deal directly with the full problem. We develop a strategy based on

Chernozhukov and Hansen (2006, 2008) instrumental quantile regression methods to esti-

mate the parameters of interest, and consider an asymptotic theory where N can growth at

a controlled rate relative to T .

Monte Carlo simulation shows that the fixed effects panel quantile regression is biased in

the presence of lagged dependent variables, while the proposed instrumental variables method

is able to reduce the bias even in short panels. In addition, the Monte Carlo experiments

suggest that the quantile regression IV approach for dynamic panel data performs better than

ordinary least squares IV in terms of bias and root mean squared error for non-Gaussian

heavy-tailed distributions. Tests based on fixed effects QRIV turn out to be especially

advantageous when innovations are heavy-tailed.
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We illustrate the proposed methods by testing for the presence of time-nonseparability

in utility using household consumption data from the Panel Study on Income Dynamics

(PSID) dataset. Previous works, as Dynan (2000), find no evidence of habit formation us-

ing PSID and ordinary least squares based estimation at annual frequency. However, the

results using quantile regression dynamic panel show evidence of asymmetric persistence in

consumption dynamics. In addition, it is possible to reject the null hypothesis of no effect

of past consumption growth on subsequent consumption growth for low quantiles. Thus, for

low quantiles of the conditional quantile function of consumption growth, the results suggest

that increasing in current consumption growth leads to decreasing in subsequent consump-

tion growth, and for these corresponding quantiles, there is evidence of habit persistence.

Moreover, the results show important evidence of heterogeneity in the determinants of con-

sumption such as difference in family size, age of the household, age of the household squared,

and race. If an economic dynamic panel data displays asymmetric dynamics systematically,

then appropriated models are needed to incorporate such behavior.

The rest of the paper is organized as follows. Section 2 presents the quantile regres-

sion dynamic panel data instrumental variables with fixed effects estimation. Inference is

described in Section 3. Section 4 describes the Monte Carlo experiment. In Section 5 we

illustrate the new approach using PSID dataset. Finally, Section 6 concludes the paper.

2 The Model and Assumptions

Consider the classical dynamic model for panel data with individual fixed effects1

yit = ηi + αyit−1 + x′itβ + uit i = 1, ..., N ; t = 1, ..., T. (1)

where yit is the response variable, ηi denotes the individual fixed effects, yit−1 is the lag of

the response variable, and xit is a p-vector of the exogenous covariates. It is possible to write

model (1) in a more concise matrix form as,

y = Zη + αy−1 +Xβ + u, (2)

so that Z = In ⊗ ιT , and ιT is a T × 1 vector of ones. Note that Z represents an incidence

matrix that identifies the N distinct individuals in the sample.

1To simplify the presentation we focus on the first-order autoregressive processes, since the main insights
generalize in a simple way to higher-order cases.
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It is well known that in the dynamic mean regression panel data model the fixed-effects

(FE) estimator can be severely biased when the number of individuals N is large relative to

the time series dimension T . Hahn and Kuersteiner (2002) and Alvarez and Arellano (2003)

show that even if the FE estimator is consistent as T → ∞, its asymptotic distribution

may contain an asymptotic bias term when N → ∞, depending on the relative rates of

increasing of T and N , in particular unless N
T
→ 0 the bias term cannot be neglected. The

inconsistency of least squares based estimators with fixed T and large N has led to a focus

on the instrumental variables estimation in the recent literature. For linear models with an

additive individual effect, the problems with the FE estimator can be ameliorated by using an

appropriate transformation, such as differencing, to eliminate the unobserved effects. Then,

instrumental variables (IV) can usually be found for implementation of the estimator, as in

Arellano and Bond (1991). For nonlinear in parameters models the inherent reliance on first

differencing is problematic. Except for a small number of cases where conditioning on some

sufficient statistic eliminates fixed effects, there does not seem to exist any general strategy

for potentially nonlinear panel models. In the nonlinear case, Hahn and Newey (2004), in

static models, and Hahn and Kuersteiner (2004), in dynamic models, proposed corrected

estimators and show that the parameters of interest are consistently estimable when N and

T increase to infinity at the same rate.

2.1 Quantile Regression for Dynamic Panel Data

In this section we consider estimation of the dynamic panel data quantile regression that

include individual specific fixed effects. Estimation of this model is complicated by the

non-observed initial conditions. In least squares dynamic panel data applications the usual

computational strategy to deal with the fixed effects has been to take the first difference of

the model, and then compute the parameters of interest from the transformed model applying

the usual two stage least squares instrumental variables approach. In addition, using such

transformations, it is possible to estimate consistent standard errors for the parameters of

interest. In quantile regression framework this transformation to eliminate the individual

effects is not available and we are required to deal with the full problem.2 In spite of this

2As Koenker (2004) observes, in typical applications the design matrix [Z : y−1 : X] of the full problem
is very sparse, i.e. has mostly zero elements. Standard sparse matrix storage schemes only require space for
the non-zero elements and their indexing locations, and this considerably reduces the computational effort
and memory requirements in large problems.
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difficulty we present an instrumental variables strategy to reduce the bias of the estimates

and to make inference.

Consider the analogous model for the τth conditional quantile functions of the response

of the tth observation on the ith individual yit

Qyit
(τ |zit, yit−1, xit) = zitη(τ) + α(τ)yit−1 + x′itβ(τ) (3)

where yit is the outcome of interest, yit−1 is the lag of the variable of interest, xit are the

exogenous variables, zit identifies the fixed effects, and η = (η1, ..., ηN)′ is the N × 1 vector

of individual specific effects or intercepts. The effects of the covariates (zit, yit−1, xit) are

allowed to depend upon the quantile, τ , of interest.3

The dynamic panel quantile regression model described in equation (3) can be developed

using the following representation,

yit = zitη(uit) + α(uit)yit−1 + x′itβ(uit), uit|zit, yit−1, xit is Uniform(0,1). (4)

Koenker (2004) presents a penalized quantile regression method to estimate the parameters

in model (3) when α(τ) = 0. Applying this principle to equation (3) one would solve

(η̂, α̂, β̂) = min
η,α,β

N∑
i=1

T∑
t=1

ρτ (yit − zitη − αyit−1 − x′itβ)

where ρτ (u) := u(τ − I(u < 0)) as in Koenker and Bassett (1978). However, the fixed effects

quantile regression estimator, as in the ordinary least squares case, is potentially biased

in the presence of lagged variables. In standard estimation of dynamic panel models the

initial values of the dynamic process raise a problem. Consistency of the estimators depends

critically on the assumptions about the initial conditions, and mistaken choices of the initial

condition will yield estimators that are not asymptotically equivalent to the correct one, and

hence may not be consistent.4 Anderson and Hsiao (1981, 1982) and Arellano and Bond

(1991) show that consistent estimators for dynamic panel data models can be obtained by

using instrumental variable methods that produces estimators independent of the initial

conditions.

3It is important to note that we allow the individual effects, η(τ), to depend on the specific quantile, τ ,
since we do not estimate the model for several quantiles at once. In addition, contrary to Koenker (2004), we
do not consider a penalized model. Thus, we work on the usual fixed effects quantile regression estimator.

4See Hsiao (2003) and Heckman (1981) for more details.
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The problem of bias for the dynamic panel quantile regression can be ameliorated through

the use of instrumental variables, w, that affect the determination of lagged y but are inde-

pendent of u. Assuming that the instrumental variable w is available the model described

in equation (4) can be written in the following form

yit = zitη(uit) + α(uit)yit−1 + x′itβ(uit), uit|zit, wit, xit is Uniform(0,1). (5)

Following Chernozhukov and Hansen (2006, 2008), from (5) and the availability of IV, we

consider estimators defined as: for fixed α

(η̂(α), β̂(α), γ̂(α)) = min
η,β,γ

N∑
i=1

T∑
t=1

ρτ (yit − zitη − αyit−1 − x′itβ − w′
itγ)

and estimate α by solving for,

α̂ = min
α
‖γ̂(α)‖A

where ‖x‖A =
√
x′Ax. Our final parameter estimates of interest are thus

θ̂(τ) ≡ (α̂(τ), β̂(τ)) ≡ (α̂(τ), β̂(α̂(τ), τ)).

The intuition underlying the estimator is that, since w is a valid instrument, it is inde-

pendent of u and it should have a zero coefficient. Thus, for given α, the quantile regression

of (yit−αyit−1) on the variables (zit, wit, xit) should generate coefficient zero for the variable

wit. Hence, by minimizing the coefficient of the variable wit one can recover the estimator

of α. Therefore, the bias generated by inclusion of yit−1 in equation (3) is reduced through

the presence of instrumental variables, wit, that affect the determination of yit but are in-

dependent of uit. Values of y lagged (or differences) two periods or more and/or lags of the

exogenous variable x affect the determination of lagged y but are independent of u, so they

can be used as instruments to estimate α and β by the quantile regression dynamic panel

instrumental variables (QRIV) method.

Given the estimates, the τ -th conditional quantile function of yit, can be estimated by,

Q̂yit
(τ |zit, wit, xit) = zitη̂(τ) + α̂(τ)yit−1 + x′itβ̂(τ).

In addition, given a family of estimated conditional quantile functions, the conditional density

of yit at various values of the conditioning covariate can be estimated by the difference

quotients,

f̂yit
(τ |ηi, wit, xit) =

τk − τk−1

Q̂yit
(τk|zit, wit, xit)− Q̂yit

(τk−1|zit, wit, xit)
,
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for some appropriately chosen sequence of τ ’s.

It is important to note that, provided that the right hand side of (5) is monotone increas-

ing in uit, it follows that the τth conditional quantile function of yit can be written as (3).

Implicit in the formulation of model (3) is the requirement that Qyit
(τ |Fit−1) is monotone

increasing in τ for all Fit−1, where Fit is the σ-field generated by {yis, xis, s ≤ t}. Monotonic-

ity of the conditional quantile functions imposes some discipline on the forms taken by the

coefficients. This discipline essentially requires that the function Qyit
(τ |Fit−1) is monotone

in τ in some relevant region of Fit-space. In some circumstances, this necessitates restricting

the domain of the dependent variables; in other cases, when the coordinates of the depen-

dent variables are themselves functionally dependent, monotonicity may hold globally. In

this paper, we assume that, for some relevant region of Fit, monotonicity of Qyit
(τ |Fit−1) in

τ holds; see Koenker and Xiao (2006a), and Koenker and Xiao (2006b) for more details.

The implementation of the quantile regression instrumental variables procedure is straight-

forward. Define the objective function

QNT (τ, ηi, α, β, γ) :=
N∑

i=1

T∑
t=1

ρτ (yit − ηi − αyit−1 − x′itβ − w′
itγ) (6)

where yit−1 is, in general, a dim(α)-vector of endogenous variables, ηi are the fixed effects,

xit is a dim(β)-vector of exogenous explanatory variables, wit is a dim(γ)-vector of instru-

mental variables such that dim(γ) ≥ dim(α). The quantile regression instrumental variable

estimator for dynamic panel can be implemented as follows:

1) For a given quantile of interest τ , define a grid of values {αj, j = 1, ..., J ; |α| < 1}, and

run the ordinary τ -quantile regression of (yit− yit−1αj) on (zit, wit, xit) to obtain coefficients

η̂(αj, τ), β̂(αj, τ) and γ̂(αj, τ), that is, for a given value of the autoregression structural

parameter, say α, one estimates the ordinary panel quantile regression to obtain

(η̂i(αj, τ), β̂(αj, τ), γ̂(αj, τ)) := min
ηi,β,γ

QNT (τ, ηi, α, β, γ). (7)

2) To find an estimate for α(τ), choose α̂(τ) as the value among {αj, j = 1, ..., J} that makes

‖γ̂(αj, τ)‖ closest to zero. Formally, let

α̂(τ) = min
α∈A

[γ̂(α, τ)′]Â(τ)[γ̂(α, τ)] (8)

where A is a positive definite matrix.5 The estimate β̂(τ) is then given by β̂(α̂(τ), τ), which

5As discussed in Chernozhukov and Hansen (2006), the exact form of A is irrelevant when the model is
exactly identified, but it is desirable to set A equal to the asymptotic variance-covariance matrix of γ̂(α(τ), τ)
otherwise.
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leads to the estimates

θ̂(τ) =
(
α̂(τ), β̂(τ)

)
=
(
α̂(τ), β̂(α̂(τ), τ)

)
. (9)

The estimator finds parameter values for α and β through the inverse step (8) such that

the value of coefficient γ(α, τ) on w in the ordinary quantile regression step (7) is driven as

close to zero as possible. We shall show that this estimator is consistent and asymptotically

normal under some regularity conditions.

The quantile regression instrumental variables estimator method may be viewed as an

appropriate quantile regression analog of the two stage least squares (2SLS). The 2SLS

estimates can be obtained by using the same two steps procedure as described above for the

QRIV. In the Appendix 1 we show the details of the derivation and illustrate the importance

of matrix A in the exactly identified and overidentified models.

Now we discuss the asymptotic properties of the dynamic panel data quantile regression

instrumental variables estimator. The existence of the parameter ηi, whose dimension N

is tending to infinity, raises some new issues for the asymptotic analysis of the proposed

estimator. We derive consistency and asymptotic normality of the estimators assuming that

Na/T → 0. We impose the following regularity conditions:

A1 The yit are independent across individuals with conditional distribution functions

Fit, and differentiable conditional densities, 0 < fit < ∞, with bounded derivatives f ′it for

i=1,...,N and t=1,...,T ;

A2 Let Z = IN ⊗ ιT , and ιT a T -vector of ones, y−1 = (yit−1) be a NT × dim(α) matrix,

X = (xit) be a NT × dim(β) matrix, and W = (wit) be a NT × dim(γ) matrix. For

Π(η, α, β, τ) := E[(τ − 1(Zη + y−1α+Xβ))X̌(τ)]

Π(η, α, β, γ, τ) := E[(τ − 1(Zη + y−1α+Xβ +Wγ))X̌(τ)]

X̌(τ) := [Z,X,W ]′,

Jacobian matrices ∂
∂(η,α,β)

Π(η, α, β, τ) and ∂
∂(η,β,γ)

Π(η, α, β, γ, τ) are continuous and have full

rank, uniformly over E × A ×B × G × T and the image of E × A ×B under the map

(η, α, β) → Π(η, α, β, τ) is simply connected;

A3 Denote Φ(τ) = diag(fit(ξit(τ))), where ξit(τ) = ηi(τ) +α(τ)yit−1 + x′itβ(τ) +w′
itγ(τ),

MZ = I−PZ and PZ = Z(Z ′Φ(τ)Z)−1Z ′Φ(τ). Let X̃ = [X,W ]′. Then, the following matrix
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is invertible:

Jϑ = (X̃ ′MZΦ(τ)MZX̃);

Now define [J̄ ′β, J̄
′
γ]
′ as a partition of J−1

ϑ , Jα = (X̃ ′MZΦ(τ)MZy−1) and H = J̄ ′γA[α(τ)]J̄γ.

Then, J ′αHJα is also invertible;

A4 For all τ , (α(τ), β(τ)) ∈ int A ×B, and A ×B is compact and convex;

A5 maxit ‖yit‖ = O(
√
NT ); maxit ‖xit‖ = O(

√
NT ); maxit ‖wit‖ = O(

√
NT );

A6 Na

T
→ 0 for some a > 0.

Condition A1 is a standard assumption in quantile regression literature and imposes

a restriction on the density function of yit. Condition A2 is important for identification

of the parameters. The identification is shown through the use of a version of Hadamard’s

theorem, as discussed in Chernozhukov and Hansen (2006). It requires that the instrumentW

impacts the conditional distribution of Y at many relevant points. In addition, the condition

that the image of the parameter space be simply connected requires that the image can be

continuously shrunk to a point, this condition can be interpreted as ruling out “holes” in

the image of the set. Assumption A3 states invertibility conditions for matrices in order to

guarantee asymptotic normality. A4 imposes compactness on the parameter space of α(τ).

Such assumption is needed since the objective function is not convex in α. Assumption A5

imposes bound on the variables. Finally, condition A6 is the same assumption as in Koenker

(2004) and allows T to grow very slow relative to N . The recent literature analyzing bias in

dynamic panel data models develops asymptotic theory where N and T are large. In a linear

case, Alvarez and Arellano (2003) establish consistency of within group (WG), generalized

method of moments (GMM), and limited information maximum likelihood estimators for a

first order autoregressive model with individual effects when both N and T tend to infinity

and lim(N/T ) ≡ c < ∞. Hahn and Kuersteiner (2002) and Hahn and Kuersteiner (2004)

use the same relative rate for N and T dynamic linear and nonlinear panels respectively.

We can now establish consistency and asymptotic normality. Proofs appear in the Ap-

pendix 1. The following theorem states identification and consistency of θ̂(τ).

Theorem 1 Given assumptions A1-A6, (η(τ), α(τ), β(τ)) uniquely solves the equations

E[ψ(Y −Zη−y−1α−Xβ)X̌(τ)] = 0 over E ×A ×B, and θ(τ) = (α(τ), β(τ)) is consistently

estimable.

Under conditions A1-A6 we show the asymptotic properties of the fixed effects QRIV
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as N grows at a controlled rate relative to T . Theorem 1 provides a lower bound for the

relative rate of increasing of T which is sufficient for consistency. The intuition behind this

condition is that T must go to infinity fast enough to guarantee consistent estimates for

the fixed effects, and then to the other parameters. Under assumption A6 the convergence

is fast enough to eliminate the inconsistency problem found for very small T and large

N asymptotic approximations. An alternative view of this argument is that it applies to

situations in which T tends to infinity, and N is fixed.

The limiting distribution of parameters of interest using the quantile regression instru-

mental variables estimator for the dynamic panel model with fixed effects is given by Theorem

2.

Theorem 2 (Asymptotically Normality). Under conditions A1-A6, for a given τ ∈ (0, 1),

θ̂ converges to a Gaussian distribution as

√
NT (θ̂(τ)− θ(τ))

d→ N(0,Ω(τ)), Ω(τ) = (K ′, L′)′S(K ′, L′)

where S = τ(1−τ)E[V V ′], V = [X̃,MZ ], K = (J ′αHJα)−1JαH, H = J̄ ′γA[α(τ)]J̄γ, L = J̄βM ,

M = I − JαK, Jα = (X̃ ′MZΦMZy−1), [J̄β, J̄γ] is a partition of J−1
ϑ = (X̃ ′MZΦMZX̃)−1,

Φ = diag(fit(ξit(τ))), and X̃ = [X ′,W ′]′.

Remark 1. For a finite collection of quantile indexes we have

√
NT (θ̂(τj)− θ(τj))j∈J

d→ N(0,Ω(τk, τl))k,l∈J

where Ω(τk, τl) = (K(τk)
′, L(τk)

′)′S(τk, τl)(K(τl)
′, L(τl)

′).

Remark 2. When dim(γ) = dim(α), the choice of A(α) does not affect asymptotic

variance, and the joint asymptotic variance of α(τ) and β(τ) will generally have the simple

form Ω(τ) = (K ′, L′)′S(K ′, L′), for S,K and L as defined above. As in Chernozhukov and

Hansen (2008), when dim(γ) > dim(α), the choice of the weighting matrix A(α) generally

matters, and it is important for efficiency. A natural choice for A(α) is given by the inverse

of the covariance matrix of γ̂(α(τ), τ). Noticing that A(α) is equal to (J̄γSJ̄γ)
−1 at α(τ), it

follows that the asymptotic variance of
√
NT (α̂(τ)− α(τ)) is given by

Ωα = (J ′αJ̄
′
γ(J̄γSJ̄

′
γ)
−1J̄γ J̄α)−1.

The components of the asymptotic variance matrix that need to be estimated include
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Jϑ, Jα and S. The matrix S can be estimated by its sample counterpart

Ŝ(τ, τ ′) = (min(τ, τ ′)− ττ ′)
1

NT

N∑
i=1

T∑
t=1

VitV
′
it. (10)

Following Powell (1986), Jϑ and Jα can be estimated as stated in Theorem 2 above, Jϑ =

(X̃ ′MZΦMZX̃) and Jα = (X̃ ′MZΦMZy−1), where the component of the estimators,MZΦ(τ)MZ ,

is given by the following form

MZΦ̂(τ)MZ =
1

2NThn

N∑
i=1

T∑
t=1

I(|û(τ)| ≤ hn)MZM
′
Z (11)

where û(τ) ≡ Y−Zη̂(τ)−α̂(τ)y−1−Xβ̂(τ) and hn is an appropriately chosen bandwidth, with

hn → 0 and NTh2
n →∞. By using the same procedure we can estimate the element ZΦ̂(τ)Z

in PZ . The consistency of these asymptotic covariance matrix estimators are standard and

will not be discussed further in this paper.

3 Inference

In this section, we turn our attention to inference in the quantile regression dynamic panel

instrumental variable (QRIV) model, and suggest a Wald type test for general linear hy-

potheses, and a Kolmogorov-Smirnov test for linear hypothesis over a range of quantiles

τ ∈ T .

In the independent and identically distributed setup the conditional quantile functions of

the response variable, given the covariates, are all parallel, implying that covariates effects

shift the location of the response distribution but do not change the scale or shape. However,

slopes estimates often vary across quantiles implying that it is important to test for equality

of slopes across quantiles. Wald tests designed for this purpose were suggested by Koenker

and Bassett (1982a), Koenker and Bassett (1982b), and Koenker and Machado (1999). It is

possible to formulate a wide variety of tests using variants of the proposed Wald test, from

simple tests on a single quantile regression coefficient to joint tests involving many covariates

and distinct quantiles at the same time.

General hypotheses on the vector θ(τ) can be accommodated by Wald type of tests. The

Wald process and associated limiting theory provide a natural foundation for the hypothesis

Rθ(τ) = r, when r is known. We first consider a Wald type test where we test the coefficients
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for selected quantiles of intest. Later we introduce a test for linear hypothesis over a range of

quantiles τ ∈ T , instead of focusing only on a selected quantile. The following are examples

of hypotheses that may be considered in the former framework. For simplicity of presentation

we use the model stated in equation (3) with a single variable in the xit matrix.

Example 1 (No dynamic effect). If there is no dynamic effect in the model, then under

H0 : α(τ) = 0. Thus, θ(τ) = (α(τ), β(τ))′, R = [1, 0] and r = 0.

Example 2 (Location-scale shifts). The hypotheses of location-scale shifts for α(τ) and

β(τ) can be accommodated in the model. For the first case, H0 : α(τ) = α, for |α| < 1,

so θ(τ) = (α(τ), β(τ))′, R = [1, 0] and r = α. For the latter case, H0 : β(τ) = β, so that

R = [0, 1] and r = β.

Portnoy (1984) and Gutenbrunner and Jureckova (1992) show that the quantile regression

process is tight and thus the limiting variate viewed as a function of τ is a Brownian Bridge

over τ ∈ T . Therefore, under the linear hypothesis H0 : Rθ(τ) = r, conditions A1-A6, and

letting Σ = (K ′, L′)′EV V ′(K ′, L′), we have

VNT =
√
NT [RΣ(τ)R′]−1/2(Rθ̂(τ)− r) ⇒ Bq(τ), (12)

where Bq(τ) represents a q-dimensional standard Brownian Bridge. For any fixed τ , Bq(τ)

is N(0, τ(1− τ)Iq). The normalized Euclidean norm of Bq(τ)

Qq(τ) = ‖Bq(τ)‖/
√
τ(1− τ)

is generally referred to as a Keifer process of order q. Thus, for given τ , the regression Wald

process can be constructed as

WNT = NT (Rθ̂(τ)− r)′[RΩ̂(τ)R′]−1(Rθ̂(τ)− r) (13)

where Ω̂ is a consistent estimators of Ω, and Ω is given by

Ω(τ) = (K ′(τ), L′(τ))′S(τ, τ)(K ′(τ), L′(τ)).

If we are interested in testing Rθ(τ) = r at a particular quantile τ = τ0, a Chi-square

test can be conducted based on the statistic WNT (τ0). Under H0, the statistic WNT is

asymptotically χ2
q with q-degrees of freedom, where q is the rank of the matrix R. The

limiting distributions of the test is summarized in the following theorem:

12



Theorem 3 (Wald Test Inference). Under H0 : Rθ(τ) = r, and conditions A1-A6, for

fixed τ ,

WNT (τ)
a∼ χ2

q.

Proof. The proof of Theorem 3 is very simple and it follows from observing that for any

fixed τ , by Theorem 2
√
NT (θ̂(τ)− θ(τ)) ⇒ N(0,Ω(τ))

under the null hypothesis,

√
NT (Rθ̂(τ)− r) ⇒ N(0, RΩ(τ)R′)

since Ω̂(τ) is a consistent estimator of Ω(τ), by Slutsky theorem

WNT = NT (Rθ̂(τ)− r)′[RΩ̂(τ)R′]−1(Rθ̂(τ)− r)
a∼ χ2

q.

In order to implement the test it is necessary to estimate Ω(τ) consistently. It is possible

to obtain such estimator as suggested in Theorem 2 in the previous section, and the main

components of Ω̂(τ) can be obtained as in equations (10) and (11).

More general hypotheses are also easily accommodated by the Wald approach. Let υ =

(θ(τ1)
′, ..., θ(τm)′) and define the null hypothesis as H0 : Rυ = r. The test statistic is the

same Wald test as equation (13). However, Ω is now the matrix with klth bock

Ω(τk, τl) = (K ′(τk), L
′(τk))

′S(τk, τl)(K
′(τl), L

′(τl)),

and S(τk, τl) = (τk ∧ τl − τkτl)E[V V ′], Φ(τj) = diag(fit(ξit(τj))), and the other variables

are as defined above. The statistic WNT is still asymptotically χ2
q under H0 where q is the

rank of the matrix R. This formulation accommodates a wide variety of testing situations,

from a simple test on single quantiles regression coefficients to joint tests involving several

covariates and several distinct quantiles. Thus, for instance, we might test for the equality

of several slope coefficients across several quantiles.

Example 3 (Same dynamic effect for two distinct quantiles). If there is same dynamic

effect for two given distinct quantiles in the model, then under H0 : α(τ1) = α(τ2). Thus,

υ = (θ(τ1)
′, ..., θ(τm)′) = (α(τ1), β(τ1), α(τ2), β(τ2), )

′, R = [1, 0,−1, 0] and r = 0.
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Another important class of tests in the quantile regression literature involves the Kolmogorov-

Smirnov (KS) type tests, where the interest is to examine the property of the estimator over

a range of quantiles τ ∈ T , instead of focusing only on a selected quantile. Thus, if one

has interest in testing Rθ(τ) = r over τ ∈ T , one may consider the KS type sup-Wald test.

Following Koenker and Xiao (2006a), we may construct a KS type test on the dynamic panel

data regression quantile process in the following way

KSWNT = sup
τ∈T

WNT (τ). (14)

The next example shows a possible application of KS test in dynamic panel quantile regres-

sion.

Example 4 (Asymmetric dynamic effect). It is particularly interesting to analyze data

displaying asymmetric dynamics. Thus, one may consider testing the hypothesis that α(τ) =

constant over τ . In order to perform such test for α(τ) one can use the Kolmogorov-Smirnov

test given by (14). The implementation is done by computing the statistic of test WNT (τ),

given by (13), for each τ ∈ T , and then calculating the maximum over τ .

The limiting distribution of the Kolmogorov-Smirnov test is given in the following theo-

rem:

Theorem 4 (Kolmogorov-Smirnov Test). Under H0 and conditions A1-A6,

KSWNT = sup
τ∈T

WNT (τ) ⇒ sup
τ∈T

Q2
q(τ).

The proof of Theorem 4 follows directly from the continuous mapping theorem and equation

(12). Critical values for supQ2
q(τ) have been tabled by DeLong (1981) and, more extensively,

by Andrews (1993) using simulation methods.

4 Monte Carlo Simulation

4.1 Monte Carlo Design

In this section, we describe the design of some simulation experiments that have been con-

ducted to assess the finite sample performance of the quantile regression estimator and

inference procedure discussed in the previous section.6 Two simple versions of the basic

6The experiment shown in this section is heavily based in Hsiao, Pesaran, and Tahmiscioglu (2002).
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model (1) are considered in the simulation experiment. In the first, reported in Tables 1

and 2, the scalar covariate, xit, exerts a pure location shift effect. In the second, reported in

Tables 3 and 4, xit exerts both location and scale effects. In the former case the response yit

is generated by the model,

yit = ηi + αyit−1 + βxit + uit

while in the latter case,

yit = ηi + αyit−1 + βxit + (γxit)uit.

We employ two different schemes to generate the disturbances uit. Under Scheme 1, we

generate uit as N(0, σ2
u), and we also used a heavier distribution scheme to generate uit.

Under Scheme 2 we generate uit as t-distribution with 3 degrees of freedom.

The regressor xit is generated according to

xit = µi + ζit (15)

where ζit follows the ARMA(1, 1) process

(1− φL)ζit = εit + θεit−1 (16)

and εit follows the same distribution as uit, that is, normal distribution and t3 for Schemes

1 and 2, respectively. In all cases we set ζi,−50 = 0 and generate ζit for t = −49,−48, ..., T

according to

ζit = φζit−1 + εit + θεit−1. (17)

This ensures that the results are not unduly influenced by the initial values of the xit process.

In generating yit we also set yi,−50 = 0 and discarded the first 50 observations, using the

observations t = 0 through T for estimation. The fixed effects, µi and αi, are generated as

µi = e1i + T−1

T∑
t=1

εit, e1i ∼ N(0, σ2
e1

),

ηi = e2i + T−1

T∑
t=1

xit, e2i ∼ N(0, σ2
e2

).

The above method of generating µi and αi ensures that the usual random effects estimators

are inconsistent because of the correlation that exists between the individual effects and the

error term or the explanatory variables.
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In the simulations, we experiment with T = 10, 20 and N = 50, 100. We set the number

of replications to 2000, and consider the following values for the remaining parameters:

(α, β) = (0.4, 0.6), (0.8, 0.2);

φ = 0.6, θ = 0.2, γ = 0.5, σ2
u = σ2

e1
= σ2

e2
= 1.

In the Monte Carlo study, we compare the estimators’ coefficients in terms of bias and root

mean squared error. We also investigate the small sample properties of the tests based on

different estimators paying particular attention to the size and power of these tests.

4.2 Monte Carlo Results

We study four different estimators in the Monte Carlo experiment, the within group estima-

tor (WG), OLS instrumental variables estimator (OLS-IV), the fixed effects panel quantile

regression (PQR) proposed by Koenker (2004), and the quantile regression dynamic panel

instrumental variables (QRIV) proposed in this paper. The quantile regression based esti-

mators are analyzed for the median case. For the OLS-IV and QRIV we use two different

instruments, say yit−3 and xit−1 and the results are essentially the same in both cases. We

present results for the xit−1 case. We also consider different sample sizes in the experiments,

however, due to space limitations we report results only for T = 10 and N = 50. The results

are similar to the other sample size schemes.

4.2.1 Bias and RMSE

In the first part of the Monte Carlo we study the bias and root mean squared error (RMSE)

of the estimators. Tables 1 and 2 present bias and RMSE results for estimates of the

autoregression coefficient, α, and the exogenous variable coefficient, β, for the location-shift

model and the Normal and t3 distributions of the innovations, respectively. In general,

the bias of the estimates increase as parameters α and β become larger. Regarding the

autoregression coefficient the bias in the WG and PQR estimators, as a percentage of the

true values, are roughly constants. Moreover, the coefficient of the exogenous variable is

slightly biased in the WG and PQR cases.

Table 1 shows that when the disturbances are sampled from a Gaussian distribution, as

expected, the autoregression coefficient is biased downward for the the WG case, but the

OLS-IV is approximately unbiased. In the same way, in the presence of lagged variables
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WG OLS-IV PQR QRIV
α = 0.8 Bias −0.211 −0.006 −0.214 −0.008

RMSE 0.196 0.231 0.255 0.285
β = 0.2 Bias 0.027 0.003 0.025 −0.005

RMSE 0.161 0.207 0.187 0.232
α = 0.4 Bias −0.102 0.004 −0.104 0.005

RMSE 0.161 0.187 0.218 0.236
β = 0.6 Bias 0.038 0.006 0.038 0.005

RMSE 0.167 0.202 0.221 0.237

Table 1: Location-Shift Model: Bias and RMSE of Estimators for Normal Distribution
(T = 10 and N = 50)

the fixed effects quantile regression estimator proposed by Koenker (2004), PQR, is biased

downward. However, the instrumental variables proposed in this paper is able to reduce

the bias . As shown in Table 1, the QRIV estimator is approximately unbiased for both

selections of the parameters α and β. In summary, estimates are biased in both the WG

and the PQR cases, and the instrumental variables strategy is able to considerably diminish

the bias for both ordinary least squares and quantile regression cases. Regarding the RMSE,

in the Gaussian condition, the OLS based estimators perform better than the respective

quantile regression estimators. Thus, the QRIV is capable to reduce the bias but it has a

larger RMSE when compared with the PQR.

Table 2 presents the results for the t3-distribution case. The autoregressive estimates

of WG and PQR are biased, and the WG has a larger bias when compared with the same

estimator in the Gaussian case. In addition, the OLS-IV presents a small bias for the autore-

gression coefficient. The QRIV is approximately an unbiased estimator for both coefficients.

Moreover, the RMSE is smaller for quantile estimators when compared with the respective

OLS based estimators in this non-Gaussian case.

Tables 3 and 4 present bias and RMSE results of the estimators for the location-scale-

shift model for the Normal and t3 distributions, respectively. As in the location-shift case,

the bias of the estimators increase as the parameters α and β become larger. Again, it is

possible to note that the quantile regression instrumental variables estimator presents a much

smaller bias when compared with PQR, and a much improved precision when compared with

OLS-IV, in the t3 case.

Table 3 shows that in the Gaussian condition the WG and PQR estimators are biased

downward and the OLS-IV and QRIV are approximately unbiased. As in the location-shift
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WG OLS-IV PQR QRIV
α = 0.8 Bias −0.225 −0.029 −0.194 −0.002

RMSE 0.309 0.334 0.273 0.303
β = 0.2 Bias 0.035 0.002 0.031 −0.001

RMSE 0.237 0.284 0.226 0.268
α = 0.4 Bias −0.115 0.018 −0.094 0.008

RMSE 0.286 0.305 0.253 0.269
β = 0.6 Bias 0.041 0.004 0.039 0.000

RMSE 0.297 0.371 0.252 0.267

Table 2: Location-Shift Model: Bias and RMSE of Estimators for t3 Distribution (T = 10
and N = 50)

WG OLS-IV PQR QRIV
α = 0.8 Bias −0.254 0.011 −0.242 0.000

RMSE 0.223 0.231 0.304 0.330
β = 0.2 Bias 0.027 0.001 0.005 −0.001

RMSE 0.178 0.224 0.275 0.301
α = 0.4 Bias −0.124 −0.001 −0.119 0.001

RMSE 0.175 0.273 0.248 0.212
β = 0.6 Bias 0.026 0.001 0.029 0.001

RMSE 0.167 0.242 0.257 0.205

Table 3: Location-Scale Shift Model: Bias and RMSE of Estimators for Normal Distribution
(T = 10 and N = 50)

case, in the presence of dynamic variables, the fixed effects quantile regression estimator

proposed by Koenker (2004) is biased downward, and the instrumental variables proposed

in this paper is able to dramatically reduce the bias. The RMSE’s present the same features

as in the previous location case. Table 4 presents the results for the t3-distribution case, and

the results are qualitatively similar to those in Table 2.

4.2.2 Size and Power

Now we turn our attention to the size and power of the asymptotic inference given in the

previous section. First, we concentrate on tests for selected quantiles, latter we move to

tests over a range of quantiles. For the former case, in order to calculate the power curves

we use the same setup as in the presented calculation of bias and RMSE. We present the

results for QRIV as well as for OLS-IV in order to compare the finite sample performance of

the estimators. Thus, we consider the QRIV model in equation (1) and test the hypothesis
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WG OLS-IV PQR QRIV
α = 0.8 Bias −0.263 −0.08 −0.245 −0.008

RMSE 0.337 0.409 0.291 0.357
β = 0.2 Bias 0.025 0.002 0.033 −0.001

RMSE 0.324 0.347 0.301 0.309
α = 0.4 Bias −0.138 −0.009 −0.124 0.000

RMSE 0.307 0.389 0.261 0.259
β = 0.6 Bias 0.041 0.008 0.032 0.001

RMSE 0.357 0.362 0.320 0.231

Table 4: Location-Scale Shift Model: Bias and RMSE of Estimators for t3 Distribution
(T = 10 and N = 50)

that α̂(τ) = α and also that β̂(τ) = β for given τ . We present the results for α = 0.4

and β = 0.6.7 For models under the alternative, we considered linear deviations from the

null as α + d/
√
NT and β + d/

√
NT . The construction of the test uses estimator of the

density as given in equation (11). The procedure proposed by Powell (1986) entails a choice

of bandwidth. We consider the default bandwidth suggested by Bofinger (1975)

hn = [Φ−1(τ + cn)− Φ−1(τ − cn)] min(σ̂1, σ̂2)

where the bandwidth cn = O((NT )1/3), σ̂1 =
√
V ar(û), and σ̂2 = (Q̂(û, .75)−Q̂(û, .25))/1.34.

We also use a Gaussian bandwidth, but present results for the first choice of bandwidth only.

The results for T = 10 and N = 50 in the experiments are presented. The results are pre-

sented in Figures 1 and 2.

Figure 1 shows the finite sample size and power for the estimated α and β coefficients

considering Normal distributions and QRIV and OLS-IV estimators. Part 1 of the figure

concerns α and Part 2 shows the results for β. We can observe that the size is very close to the

established five percent for all estimators. When comparing QRIV and OLS-IV estimators

with respect to the Normal distribution one can see that the OLS based estimators perform

better than the quantile regression estimator in terms of power.

[Figure 1 about here]

Figure 2 presents the results for finite sample size and power for the estimated α and β

coefficients considering t3 distribution and QRIV and OLS-IV estimators. As in the previous

7The results for α = 0.8 and β = 0.2 are similar.
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case, the size is very close to the established five percent for all estimators. When the noise

in the model comes from a heavier distribution, t3, the QRIV estimators have a strongly

superior performance vis-a-vis the OLS-IV estimators, showing that there are large gains in

power by using a robust estimator in the case of a non-Gaussian heavy tail distribution.

In summary, the results for the power curves show that the OLS-IV presents more power

than QRIV in the Normal case, but in the t3 case the inverse occurs such that QRIV

estimators have more power than OLS-IV. The QRIV presents a higher power vis-a-vis

the OLS-IV estimator in the non-Gaussian case. In addition, as expected, comparison of

the same estimators using different distributions show that the quantile regression estimator

performs better in a t3 distribution condition, and the OLS-IV estimator has more power

under Gaussian condition. The results for the other sample cases are qualitatively similar to

those of Figures 1 and 2, but also show that, as the sample sizes increase, the tests do have

improved power properties, corroborating the asymptotic theory.

[Figure 2 about here]

We also conduct a Monte Carlo experiment to examine the QRIV based inference proce-

dures, where we are particularly interested in models displaying asymmetric dynamics. Thus,

we consider the QRIV model to test the hypothesis that α(τ) = constant over τ . The data

in these experiments were generated from model (1) in the same manner as in Section 4.1,

where uit are i.i.d. random variables. We consider the Kolmogorov-Smirnov test KSWNT

given by (14) for different sample sizes and innovation distributions, and choose T = [0.1,

0.9]. Both Normal innovations and student-t innovations are considered. The number of

repetitions is 1000.

Representative results of the empirical size and power of the proposed tests are reported

in Table 5. We report the empirical size of this test for two choices of α(τ): (1) α = 0.45;

(2) α = 0.75. For models under the alternative, we consider the following two choices:

α = ϕ1(uit)

{
0.35, uit ≥ 0,

0.55, uit < 0,

α = ϕ2(uit)

{
0.15, uit ≥ 0,

0.75, uit < 0.

Table 5 reports the empirical size and power for the case with Gaussian innovations and

sample size T = 10 and N = 50, as well as the results for the student-t innovations (with 3
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Model Normal t3
Size α = 0.45 0.045 0.055

α = 0.75 0.038 0.052
Power ϕ1 0.21 0.26

ϕ2 0.39 0.47

Table 5: Size and Power for Normal Distribution

degrees of freedom) and same sample size. Results in Table 5 show that the size of the test

is close to the 5% that was set and also confirm that, using the quantile regression based

approach, power gain can be obtained in the presence of heavy-tailed disturbances. (Such

gains obviously depend on choosing quantiles at which there is sufficient conditional density.)

5 Application

In this section we illustrate the new approach by applying the proposed estimator and

testing procedures to test for the presence of time non-separability in utility using household

consumption panel data. A simple model of habit formation implies a condition relating the

strength of habits to the evolution of consumption over time. We build on previous work

by testing the time separability of preferences with household panel data using quantile

regression dynamic panel instrumental variables (QRIV) framework.

There is a large literature using household panel data on consumption to examine be-

havior when preferences are assumed to be time-separable, for instance Hall and Mishkin

(1982), Shapiro (1984), and Zeldes (1989). More recently, there has been growing interest

in the implications of preferences that are time-nonseparable and several papers have used

aggregate consumption data to look for empirical evidence of such preferences. A very im-

portant class of time-nonseparable preferences is that exhibiting habit formation. Studies of

time-nonseparable preferences based on aggregated consumption data produce mixed conclu-

sions about the strength of habit formation. Dunn and Singleton (1986) and Eichenbaum,

Hansen, and Singleton (1988) find very weak evidence of habit formation in US monthly

aggregated data. Ferson and Constantinides (1991) find strong evidence of habit formation

in monthly, quarterly, and annual US consumption data. Using panel data Dynan (2000)

finds no evidence of habit formation in US consumption data.

With habit formation, current utility depends not only on current expenditures, but also

on a “habit stock” formed by lagged expenditures. For a given level of current expenditure,
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a larger habit stock lowers utility. More formally, household i chooses current consumption

expenditures, cit, to maximize

E

[
T∑

s=0

βsu (c̃it+s;ψit+s)

]
where c̃it is the consumption services in period t, β is a time discount factor, and ψi,t cor-

responds to “taste-shifters” - variables that move marginal utility - at time t. Consumption

services in period t are positively related to current expenditures and negatively related to

lagged expenditures in the following way

c̃it = cit − αcit−1.

The parameter α measures the strength of habit formation, thus when α is larger, the

consumer receives less lifetime utility from a given amount of expenditure. From the first

order condition, assuming that the utility function is of the following isoelastic form8

u(c̃it, ψit) = ψit
c̃1−ρ
it

1− ρ
,

the interest rates are constant, and following Dynan (2000) and approximating ∆ ln(cit −
αcit−1) with (∆ ln cit − α∆ ln cit−1), one can derive the following equation9

∆ ln(cit) = γ0 + α∆ ln(cit−1) + γ1∆ ln(ψit) + εit. (18)

Habit persistence enters the Euler equation through lagged consumption growth and habit

persistence coefficient α, with its magnitude reflecting the fraction of past expenditures that

make up the habit stock and indicating the importance of habit formation in behavior. In

other words, the equation shows that habit formation creates a link between current and

lagged expenditure growth, which stems from consumers’ gradual adjustment to permanent

income shocks. In contrast to traditional models in which consumption adjusts immedi-

ately to permanent income innovation, habits cause consumers to prefer a number of small

consumption changes to one large consumption change.

We estimate a quantile regression model using data from Panel Study on Income Dy-

namics (PSID), which contains annual information about the income, food consumption,

8We provide the details of the derivation in Appendix 2
9Although γ0 is a function of the real interest rates, the time discount factor, and the forecast error

variance (see Dynan (2000) for details), most Euler equation analyses with household data have assumed
these terms constant across households and time periods.
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employment, and demographic characteristics of individual households. The PSID has lim-

ited consumption information, and we follow a substantial body of the literature in using

food expenditures to explore consumption behavior. In order to test the consumption habit

formation hypothesis, estimation and testing are based in the following equation

QCit
(τ |Fit−1) = ηi + αCit−1 +Xitβ (19)

where Cit = ∆ ln cit, and Xit is a set of covariates.

The base line sample contains 2132 households, each with 13 observations on food ex-

penditure growth. Although the PSID began in 1968 and continues today, the sample uses

spending data only from the period 1974 through 1987 because of the interpretation prob-

lems in the early years and the suspension of the food questions in 1987. As covariates,

following Dynan (2000), we include as taste shifters in the estimated equations: difference in

family sizes, age of the head of the household, and age of the head of the household squared.

All specifications also include time dummies to ensure that aggregate shocks do not lead to

inconsistent estimates. In a second round of estimations we also include a variable race in

the model. The consumption variables are measured in logs. We also apply the OLS based

two stage least squares (2SLS) estimation and testing for comparison reasons. We use two

different sets of instruments, Cit−2 and Cit−3, in both QRIV and 2SLS estimation and the

results are essentially the same, thus we report the estimations for the former one.10

We have interest in testingH0 : α(τ) = 0, that is, there is no evidence of habit persistence.

Equation (19) captures the dynamics of consumption, the estimation results will not only

serve as a test of this particular model, but will also provide evidence regarding the general

importance of habit formation and the determinants of growth in consumption, as well

as showing evidence of asymmetric persistence in these variables. The results for point

estimates and confidence intervals for QRIV and 2SLS are presented in Figures 3 and 4.

The solid straight lines represent the 2SLS estimates and the dashed lines the 90-percent

confidence band for the estimates. The gray lines show the results for point estimations and

the confidence intervals for all coefficients in the QRIV case. Figure 3 presents the estimates

for results for the autoregressive coefficient, family size, age and age squared. In Figure 4

we also include race as an additional regressor.

10We also estimate the model using dummies for income growth as instruments, where income is measured
as real labor income of head and wife or real disposable income, the results remain the same if we use this
additional instrument.
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Concerning the 2SLS results in Figure 3, the point estimate for the autoregressive coeffi-

cient is negative, thus initially indicating evidence of habit formation. However, the results

show that the α̂ is not statistically different from zero even at the 10% level of significance.

Thus, based on the ordinary least squares estimation there is no evidence of habit formation

in consumption; this result is in line with Dynan (2000). As expected, the coefficient of

difference in family sizes is positive and statistically significant. In addition, the coefficients

of age and age squared are not statistically different from zero. In Figure 4 we add race

as an exogenous regressor, and the results are still the same for these four coefficients. In

addition, the race coefficcient is not statistically different from zero in the ordinary least

squares estimation.

Regarding the quantile regression estimation, Figure 3 shows that the autoregressive

coefficient has an asymmetric impact on consumption growth along the quantiles. The

estimated coefficient is negative and statistically significant for low quantiles. Thus, in

the low part of the conditional quantile function of consumption growth for given t, lag of

consumption growth has a significant negative impact on subsequent consumption growth,

indicating evidence of habit persistence in this part of the conditional quantile function. In

summary, Figure 3 shows that based on the estimates of the quantile regression instrumental

variables model there is evidence against the null of no effect of previous consumption growth

in current consumption growth, α(τ) = 0, for low quantiles and the results also show a new

feature that the persistence of consumption has an asymmetric behavior. It is interesting to

observe that these results show that it is possible to reject the null hypothesis for extreme

quantiles, but there is no evidence that α(τ) 6= 0 for intermediate and high quantiles.

The other panels in Figure 3 show the coefficients and confidence intervals for the differ-

ence in family sizes, age of the head of the household, and age squared. The coefficient on

growth in family sizes is positive and highly significant, and it has a parabolic behavior along

the quantiles. For families in both low and high quantiles, an increase in growth family size

impacts more the growth of consumption than for families around the median.

According to the study of Carroll and Summers (1991) one would expect positive coeffi-

cient on age and negative on age-squared, this phenomenon is known as the “hump-shaped”

age-consumption profile. The results presented in Figure 3 show that, for low quantiles, the

coefficient on age is positive and for age-squared it is negative. However, for high quantiles

this behavior is the inverse and the coefficient on age becomes negative and the age-squared
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becomes positive. This asymmetric behavior indicates the presence of very important het-

erogeneity features in the determinants of consumption. For low quantiles of conditional

consumption growth, the coefficients are consistent with the usual “hump-shaped” age-

consumption profile, where the increasing in age induces increasing in consumption and there

is a peak in consumption growth. However, for high quantiles the behavior is the inverse,

and the age is negatively related with consumption and there is a valley in consumption

growth.

In a second round of estimation, we include race as an exogenous regressor in the model.

The results are presented in Figure 4. The signs and significance of the first four coefficients

are still the same. An interesting result is that there is also an asymmetric dynamic in the

race impact on consumption growth. In addition, the coefficient is negative for almost all

quantiles, turning positive only for high quantiles. Inclusion of this variable has no effect

on the findings regarding habit formation. However, for low quantiles it is negative and

statistically different from zero indicating that in the low part of the conditional quantile

function nonwhite households have significantly smaller rates of consumption growth.

These results, together with the point estimates reported in Figures 3-4, indicate that

there is an asymmetric persistence in consumption habit formation and in the determinants

of it, then appropriated models are needed to incorporate such behavior.

6 Conclusion

We have proposed an instrumental variables (IV) strategy for estimation and inference in

the quantile regression dynamic panel data model with fixed effects. Quantile regression

methods allow one to explore a range of conditional quantiles exposing a variety of forms

of conditional heterogeneity under less compelling distributional assumptions and provide

a framework for robust estimation and inference. Most instrumental variables estimators

are at least partly based on the intuition that first differencing yields a model free of fixed

effects. Despite its appeal as a procedure that avoids the estimation of the individual effects,

differencing transformation to eliminate the fixed effects is not available in the quantile

regression framework, and we are required to deal directly with the full problem. We develop

an IV strategy for estimation based on Chernozhukov Hansen (2006, 2008) that reduces the

bias in the resulting point estimates. We show that the quantile regression dynamic panel

instrumental variables (QRIV) estimator is consistent and asymptotically Normal provided
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that Na/T → 0, for some a > 0. In addition, we have suggested a Wald and Kolmogorov-

Smirnov (KS) types of tests for general linear hypotheses and derived the respective limiting

distributions.

Monte Carlo studies are conducted to evaluate the finite sample properties of the proposed

quantile regression instrumental variables estimator for several types of distributions. It is

shown that the estimator proposed by Koenker (2004) is severely biased in the presence

of lagged dependent variables, while the QRIV is approximately unbiased estimator in this

environment. In addition, the QRIV approach has a better performance vis-a-vis IV ordinary

least square based approach in terms of the bias and root mean square error of the estimators

for non-Gaussian heavy tail distributions. We also investigate the size and power of the test

statistics comparing QRIV with OLS-IV and the results show that there are large power gains

in using tests based on quantile regression especially when innovations are non-Gaussian

heavy-tailed.

We illustrate the proposed methods by testing for the presence of time-nonseparability

in utility using household consumption data from the Panel Study on Income Dynamics

(PSID). Previous works, as Dynan (2000), find no evidence of habit formation using PSID

and ordinary least squares based estimation at annual frequency. However, the results using

quantile regression dynamic panel show evidence of asymmetric persistence in consump-

tion dynamics. In addition, it is possible to reject the null hypothesis of no effect of past

consumption growth on subsequent consumption growth for low quantiles. Thus, for low

quantiles of the conditional quantile function, the results suggest that increasing in current

consumption growth leads to decreasing in subsequent consumption growth, and for these

corresponding quantiles, there is evidence of habit persistence. Moreover, there is evidence of

important heterogeneity in the determinants of consumption such as difference in family size,

age of the household, age of the household squared, and race. If an economic dynamic panel

data displays asymmetric dynamics systematically, then appropriated models are needed to

incorporate such behavior.
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A Appendix 1

A.1 Analogy between IV Quantile regression and 2SLS

Regular OLS Case

Consider the following model

y = Xβ + Zα+ u

where Z is the endogenous variable, X is the exogenous covariate. Let W be a valid instru-

ment for Z. In the two stage least squares procedure

α̂ = (Z ′PMXWZ)−1Z ′PMXWy (20)

where PMXW = MXW (W ′MXW )−1W ′MX . Note that if the same number of columns in Z is

the same as in W , so W ′MXZ is an invertible matrix and we can simplify the above equation

to

α̂ = (W ′MXZ)−1W ′MXy. (21)

Grid Case

Now we consider the Grid case. The model is the same

y = Xβ + Zα+ u

where Z is endogenous, and X is the exogenous covariate. Let W be an instrument for

Z. Define a grid for α, {αj, j = 1, ..., J ; |α| < 1}, and for given αj, consider the following

regression

y − Zαj = Xβ +Wγ + v.

The estimator γ̂(αj) is

γ̂(αj) = (W ′MXW )−1W ′MX(y − Zαj).

Now define the estimator of α as

α̂ = arg min
α
‖γ̂(α)‖A,

where ‖γ̂(α)‖A = γ̂(α)′Aγ̂(α), and γ̂(α) is the vector containing the estimates γ̂(αj). Let

A = W ′MXW. From the first order condition

α̂ = (Z ′MXW (W ′MXW )−1W ′MXZ)−1Z ′MXW (W ′MXW )−1W ′MXy.
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Using the definition of PMXW we have

α̂ = (Z ′PMXWZ)−1Z ′PMXWy, (22)

which is the same estimator as in equation (20). When the model is exactly identified we

set A equal to the identity matrix I, and by repeating the same procedure we have

α̂ = (W ′MXZ)−1W ′MXy, (23)

which is the same estimator as in equation (21).

A.2 Proof of the Theorems

The next three Lemmas help in the derivation of the results. The first Lemma shows the

identification of the parameters. Lemma 2, guarantees a law of large numbers. The third

Lemma states an Argmax Process argument which is helpful in the derivation of consistency.

Later we show consistency of θ̂(τ).

Lemma 1 Given assumptions A1-A6, (η(τ), β(τ), α(τ)) uniquely solves the equations

E[ψ(Y − Zη − Y−1α−Xβ)X̌(τ)] = 0 over E ×A ×B.

Proof. We want to show that (η(τ), α(τ), β(τ)) uniquely solves the limit problem for each τ ,

that is η(α∗(τ), τ) = η(τ), α∗(τ) = α(τ), and β(α∗(τ), τ) = β(τ). Let ψ(u) := (τ−I(u < 0)).

Define:

Π(η, α, β, τ) := E[ψ(Y − Zη(τ)− Y−1α(τ)−Xβ(τ))X̌(τ)]

H(η, α, β, τ) :=
∂

∂(η, α, β)
E[ψ(Y − Zη(τ)− Y−1α(τ)−Xβ(τ))X̌(τ)]

By assumption A2 H(η, α, β, τ) is continuous in (η, α, β) and full rank, uniformly over

E × A × B. Moreover, by A2, the image of the set E × A × B under the mapping

(η, α, β) → Π(η, α, β, τ) is assumed the be simply connected. As in Chernozhukov and

Hansen (2005), the application of Hadamard’s global univalence theorem for general met-

ric spaces, e.g. Theorem 1.8 in Ambrosetti and Prodi (1995), yields that the mapping

Π(·, ·, τ) is a homeomorphism (one-to-one) between (E × A × B) and Π(E ,A ,B, τ), the

image of E ×A ×B under Π(·, ·, τ). Since (η, α, β) = (η(τ), α(τ), β(τ)) solves the equation

Π(η, α, β, τ) = 0; and thus it is the only solution in (E ×A ×B). This argument applies for

every τ ∈ T . So, we have that the true parameters (η, α, β) = (η(τ), α(τ), β(τ)) uniquely

solve the equation

E[ψ(Y − Zη − Y−1α−Xβ −W0)X̌(τ)] = 0. (24)
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Define ϑ ≡ (η, β, γ). By assumption and in view of the global convexity of Q(α, ϑ, τ) in ϑ

for each τ and α, ϑ(α, τ) is defined by the subgradient condition

E[ψ(Y − Zη(α, τ)− Y−1α−Xβ(α, τ)−Wγ(α, τ))X̌(τ)]v ≥ 0 (25)

for all v : ϑ(α, τ) + v ∈ E ×B × G .

In fact, if ϑ(α, τ) is in the interior of E ×B × G , it uniquely solves the first order condition

version of (25)

E[ψ(Y − Zη(α, τ)− Y−1α−Xβ(α, τ)−Wγ(α, τ))X̌(τ)] = 0. (26)

We need to find α∗(τ) by minimizing ‖γ(α, τ)‖ over α subject to (25) holding. By (24)

α∗(τ) = α(τ) makes ‖γ(α∗, τ)‖ = 0 and satisfies (26) and hence (25) at the same time.

According to the preceding argument, it is the only such solution. Thus, also by (26)

(η(α∗(τ), τ) = η(τ), β(α∗(τ), τ) = β(τ)).

Lemma 2

Let ξit(τ) = η(τ)zit+α(τ)yit−1+β(τ)xit+γ(τ)wit and uit(τ) = yit−ξit(τ). Let ϑ := (η, α, β, γ)

be a parameter vector in V := E ×A ×B × G . Let

δ =


δη
δα
δβ
δγ

 =


√
T (η − η(τ))√
NT (α− α(τ))√
NT (β − β(τ))√
NT (γ − γ(τ)),

 .

Under conditions A1-A6,

sup
ϑ∈V

(NT )−1
∣∣∣∑

i

∑
t

[
ρτ (uit(τ)−

zitδη√
T
− yit−1δα√

NT
− xitδβ√

NT
− witδγ√

NT
)− ρτ (uit(τ)) (27)

−E[ρτ (uit(τ)−
zitδη√
T
− yit−1δα√

NT
− xitδβ√

NT
− witδγ√

NT
)− ρτ (uit(τ))]

]∣∣∣ = op(1).

Proof. With some abuse of notation let x̃it = (yit−1, xit, wit), β̃ = (α, β, γ), and ϑ = (β̃, η).

Let ‖ · ‖ denote the Euclidean norm.

It is sufficient to show that for any ε > 0

P
(
sup
ϑ∈V

(NT )−1
∣∣∣∑

i

∑
t

[
ρ(uit − x̃it

δβ̃√
NT

− zit
δη√
T

)− ρ(uit)

−E[ρ(uit − x̃it

δβ̃√
NT

− zit
δη√
T

)− ρ(uit)]
]∣∣∣ > ε

)
→ 0.

(28)
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Partition the parameter space Γ = V into KN disjoint parts Γ1,Γ2, . . . ,ΓKN
, such that

the diameter of each part is less than qNT = εNa

12C1T
. Let pN be the dimension of ϑ, pN = O(N),

and then KN ≤ (2
√
pN/qNT + 1)pN (c.f. Wei and He (2006)).

Let ζi ∈ Γi, i = 1, . . . , KN be fixed points. Then the left-hand side of (28) can be bounded

by P1 + P2, where

P1 = P
(

max
1≤q≤KN

sup
ϑ∈Γq

(NT )−1
∣∣∣∑

i

∑
t

[
ρ(uit − x̃it

δβ̃√
NT

− zit
δη√
T

)− ρ(uit)

−ρ(uit − x̃it

ζqβ̃√
NT

− zit
ζqη√
T

) + ρ(uit)

−E[ρ(uit − x̃it

δβ̃√
NT

− zit
δη√
T

)− ρ(uit)]

+E[ρ(uit − x̃it

ζqβ̃√
NT

− zit
ζqη√
T

)− ρ(uit)]
]∣∣∣ > ε/2

)
and

P2 = P
(

max
1≤q≤KN

(NT )−1
∣∣∣∑

i

∑
t

[
ρ(uit − x̃it

ζβ̃√
NT

− zit
ζη√
T

) + ρ(uit)

−E[ρ(uit − x̃it

ζqβ̃√
NT

− zit
ζqη√
T

)− ρ(uit)]
]∣∣∣ > ε/2

)
.

Therefore, it suffices to show that bot P1 and P2 are op(1). Noting that |ρ(x+y)−ρ(x)| ≤
2|y|, we have
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max
1≤q≤KN

sup
ϑ∈Γq

(NT )−1
∣∣∣∑

i

∑
t

[
ρ(uit − x̃it

δβ̃√
NT

− zit
δη√
T

)− ρ(uit)

−ρ(uit − x̃it

ζqβ̃√
NT

− zit
ζqη√
T

) + ρ(uit)

−E[ρ(uit − x̃it

δβ̃√
NT

− zit
δη√
T

)− ρ(uit)]

+E[ρ(uit − x̃it

ζqβ̃√
NT

− zit
ζqη√
T

)− ρ(uit)]
]∣∣∣

≤ max
1≤q≤KN

sup
ϑ∈Γq

(NT )−1
[
4
∣∣∣∑

i

∑
t

[
x̃it√
NT

(δβ̃ − ζqβ̃)− zit√
T

(δη − ζqη)]
∣∣∣

+2
∣∣∣∑

i

∑
t

E[
x̃it√
NT

(δβ̃ − ζqβ̃)− zit√
T

(δη − ζqη)]
∣∣∣]

≤ max
1≤q≤KN

sup
ϑ∈Γq

(NT )−1
[
4
∑

i

∑
t

[
1√
NT

‖x̃it‖‖(δβ̃ − ζqβ̃)‖ − 1√
T
‖zit‖‖(δη − ζqη)‖]

+2
∑

i

∑
t

E[
1√
NT

‖x̃it‖‖(δβ̃ − ζqβ̃)‖ − 1√
T
‖zit‖‖(δη − ζqη)‖]

≤
[
4qNT + 2E[qNT ]

]
≤ ε

2
,

where the last equality follows by assumptions A5-A6, and implies P1 = op(1). Thus, it

remains to show that P2 = op(1).

If we write mi = [ρ(uit − x̃it
ζqβ̃√
NT

− zit
ζqη√

T
)− ρ(uit)] then

P2 = P
(

max
1≤q≤KN

(NT )−1
∣∣∣∑

i

∑
t

[mit − Emit]
∣∣∣ > ε/2

)
≤

KN∑
q=1

P
(
(NT )−1

∣∣∣∑
i

[∑
t

mit − E
∑

t

mit

]∣∣∣ > ε/2
)
.

For fixed i,

mit ≤ sup
ζ∈Γ

∣∣∣ρ(uit − x̃it

ζqβ̃√
NT

− zit
ζqη√
T

)− ρ(uit)
∣∣∣

≤ sup
ζ∈Γ

2
∣∣∣x̃it

ζqβ̃√
NT

+ zit
ζqη√
T

∣∣∣
≤ sup

ζ∈Γ
2
[ 1√

NT
‖x̃it‖‖ζqβ̃‖+

1√
T
‖zit‖‖ζqη‖

]
≤ 2C2,
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and,

V ar(
T∑

t=1

mit) ≤
T∑

t=1

V ar(mit) + 2
∑
t1<t2

Cov(mit1 ,mit2)

≤
T∑

t=1

V ar(mit) + 2
∑
t1<t2

√
V ar(mit1)V ar(mit2)

≤
T∑

t=1

V ar(mit) +
∑
t1<t2

[V ar(mit1) + V ar(mit2)]

≤ T

T∑
t=1

V ar(mit).

Note that,

| x̃it√
NT

ζqβ̃ +
zit√
T
ζqη|2 ≤ C3‖ζqβ̃‖+ C4‖ζqη‖

Using the fact that ‖ζq‖ < C for any q, and the independence across individuals in A1, we

have

V ar
N∑

i=1

(
T∑

t=1

mit) ≤ T
N∑

i=1

T∑
t=1

Ey2
it ≤ NT 2C5 + o(1)

By the assumption of independence, we can bound P2 using Bernstein’s inequality:

P2 ≤ 2KNexp
(
−

(
εNT

2

)2

P
i V ar

P
t mit+

TC2
3

(
εNT

2

))

≤ 2(2
√
pN/qNT + 1)pN exp

(
−

(
εNT

2

)2

NT 2C5+o(1)+
TC2

3

(
εNT

2

))

= 2exp
(
pN ln(2

√
pN/qNT + 1)−

(
εNT

2

)2

NT 2C5+o(1)+
TC2

3

(
εNT

2

))

= 2exp
(
O(N) ln(24O(N1/2−aT )C1/ε+ 1)−

(
εNT

2

)2

NT 2C5+o(1)+
TC2

3

(
εNT

2

))
Hence, P2 → 0 as N, T →∞ and Na/T → 0 and the lemma follows.

Lemma 3 (Corollary 3.2.3 - van der Vaart and Wellner (1996))

Let Mn be stochastic processes indexed by a metric space Θ, and let M : Θ → < be a
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deterministic function. Suppose that ‖Mn −M‖Θ
p→ 0 and that there exists a point θ0 such

that

M(θ0) > sup
θ/∈D

M(θ)

for every open setD that contains θ0. Then any sequence θ̂n, such thatQn(θ̂n) > supθ Qn(θ)−
op(1), satisfies θ̂n

p→ θ0.

Theorem 1 (Consistency):

Under conditions A1-A6

θ̂(τ) = θ(τ) + op(1).

Proof.

Define

P = (η, α, β, γ) → ρτ (Y − Zη − Y−1α−Xβ −Wγ)

and note that P is continuous. Therefore, uniform convergence is given by Lemma 2, such

that

sup
θ∈Θ

|Mn −M | = op(1)

where Mn ≡ 1
nT

∑n
i=1

∑T
t=1 ρ(uit − x̃it

δβ̃√
NT

− zit
δη√
T
)− ρ(uit), and M = EMn.

Therefore, denoting ϑ = (η, β, γ), we have that ‖ϑ̂(α, τ)−ϑ(α, τ)‖ p→ 0 (*) which implies

that ‖‖γ̂(α, τ)‖ − ‖γ(α, τ)‖‖ p→ 0, which by a simple Argmax process over a compact set

argument (assumption A4) implies that ‖α̂(τ) − α(τ)‖ p→ 0, which by (*) implies that

‖β̂(τ) − β(τ)‖ p→ 0 and ‖γ̂(α̂, τ) − 0‖ p→ 0. Therefore, ‖θ̂(τ) − θ(τ)‖ p→ 0 and the theorem

follows.

Now we prove Theorem 2, i.e., under conditions A1-A6 the proposed estimator is asymp-

totically Normal.

Proof.

Consider the following model

yit = ηi + αyit−1 + βxit + uit. (29)
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The objective function is

min
ηi,α,β,γ

N∑
i=1

T∑
t=1

ρτ (yit − ηi − αyit−1 − βxit − γwit). (30)

Consider a collection of closed balls Bn(α(τ)), centered at α(τ), with radius πn, and

πn → 0 slowly enough. Note that, for any αn(τ)
p→ α(τ)(δα

p→ 0) we can write the objective

function as

VNT (δ) =
N∑

i=1

T∑
t=1

ρτ (yit − ξit(τ)− zitδη/
√
T − yit−1δα/

√
NT − xitδβ/

√
NT − witδγ/

√
NT )−

ρτ (yit − ξit(τ))

(31)

where ξit(τ) = ηi(τ) + α(τ)yit−1 + β(τ)xit + γ(τ)wit, and

δ̂n =


δ̂η
δ̂α
δ̂β
δ̂γ

 =


√
T (η̂(αn, τ)− η(τ))√
NT (αn(τ)− α(τ))√
NT (β̂(αn, τ)− β(τ))√
NT (γ̂(αn, τ)− 0)

 .

Note that, for fixed (δα, δβ, δγ), we can consider the behavior of δη. Let ψ(u) ≡ (τ−I(u <
0)) and for each i

gi(δη, δα, δβ, δγ) = − 1√
T

T∑
t=1

ψτ (yit − ξit −
δη√
T
− δα√

NT
yit−1 −

δβ√
NT

xit −
δγ√
NT

wit).

For, fixed δβ, δγ, supτ∈t ‖αn(τ)− α(τ)‖ p→ 0, and K > 0

sup
‖δ‖<K

‖gi(δηi
, δα, δβ, δγ)− gi(0, 0, 0, 0)− E[gi(δη, δα, δβ, δγ)− gi(0, 0, 0, 0)]‖ = op(1).

Expanding we have
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E[gi(δη, δα, δβ, δγ)− gi(0, 0, 0, 0)]

= E
(
− 1√

T

T∑
t=1

ψτ (yit − ξit −
δη√
T
− δα√

NT
yit−1 −

δβ√
NT

xit −
δγ√
NT

wit) +
1√
T

T∑
t=1

ψτ (yit − ξit)
)

= − 1√
T

T∑
t=1

[
τ − F (ξit +

δη√
T

+
δα√
NT

yit−1 +
δβ√
NT

xit +
δγ√
NT

wit)

]

=
1√
T

T∑
t=1

[
F (ξit +

δη√
T

+
δα√
NT

yit−1 +
δβ√
NT

xit +
δγ√
NT

wit)− τ

]

=
1√
T

[ T∑
t=1

fit(ξit(τ))

[
δη√
T

+
δα√
NT

yit−1 +
δβ√
NT

xit +
δγ√
NT

wit

]
+Rit

]
=

1√
T

T∑
t=1

fit(ξit(τ))

[
δη√
T

+
δα√
NT

yit−1 +
δβ√
NT

xit +
δγ√
NT

wit

]
+Rit.

Optimality of δ̂ηi
implies that gi(δη, δα, δβ, δγ) = o(T−1), and thus

δ̂η = −f−1

i

[
1√
T

T∑
t=1

fit(ξit(τ))

[
δα√
NT

yit−1 +
δβ√
NT

xit +
δγ√
NT

wit

]
− 1√

T

T∑
t=1

ψτ (yit − ξit(τ))

]
+Rit

where f i = T−1
∑

t fit and Rit is the remainder term for each i.

Substituting δ̂η’s, we denote

G(δα, δβ, δγ) = − 1√
NT

N∑
i=1

T∑
t=1

Xitψτ (yit − ξit −
δ̂η√
T
− δα√

NT
yit−1 −

δβ√
NT

xit −
δγ√
NT

wit)

where Xit = (x′it, w
′
it)

′, and δα(αn) =
√
NT (αn(τ) − α(τ)), δβ(αn) =

√
NT (β̂(αn, τ) − β),

and δγ(αn) =
√
NT (γ̂(αn, τ)− 0).

According to Lemma B2 part II in Chernozhukov and Hansen (2006)

sup
‖δ‖<K

‖gi(δα, δβ, δγ)− gi(0, 0, 0)− E[gi(δα, δβ, δγ)− gi(0, 0, 0)]‖ = op(1),

and at the minimizer, G(δ̂α, δ̂β, δ̂γ) = o((NT )−1).

Expanding, as above,
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E[G(δα, δβ, δγ)−G(0, 0, 0)]

=
1√
NT

∑
i

∑
t

Xitfit

(
δα√
NT

yit−1 +
δβ√
NT

xit +
δγ√
NT

wit +
δ̂η√
T

)
+ op(1)

=
1√
NT

∑
i

∑
t

Xitfit

[
δα√
NT

yit−1 +
δβ√
NT

xit +
δγ√
NT

wit −
1√
T
f
−1

i

[
T−1/2

∑
t

fit(ξit(τ))[
δα√
NT

yit−1 +
δβ√
NT

xit +
δγ√
NT

wit

]
− T−1/2

T∑
t=1

ψτ (yit − ξit(τ))
]
+Rit

]
+ op(1)

=
1

NT

∑
i

∑
t

Xitfit

(
yit−1 − f

−1

i T−1
∑

t

fityit−1

)
δα +

1

NT

∑
i

∑
t

Xitfit

(
xit − f

−1

i T−1
∑

t

fitxit

)
δβ

+
1

NT

∑
i

∑
t

Xitfit

(
wit − f

−1

i T−1
∑

t

fitwit

)
δγ −

1√
NT

∑
i

∑
t

Xitfitf
−1

i T−1
∑

t

ψ(yit − ξit)

− 1√
NT

∑
i

∑
t

XitfitRit/
√
T + op(1),

where the order of the final term is controlled by the bound on the derivative of the con-

ditional density. It is important to note that G(δ̂α, δ̂β, δ̂γ) = 0 and then E[G(δα, δβ, δγ) −
G(0, 0, 0)] = G(0, 0, 0), and let Ψτ be a NT -vector (ψτ (yit − ξit(τ))). Define δϑ = (δβ, δγ),

then we have

(X ′MZΦMZY−1)δα + (X ′MZΦMZX)δϑ −X ′PZΨ = −X ′Ψ +RnT

(X ′MZΦMZX)δϑ = [−(X ′MZΨ−RnT )− (X ′MZΦMZY−1)δα]

δ̂ϑ = (X ′MZΦMZX)−1[−(X ′MZΨ−RnT )− (X ′MZΦMZY−1)δα]

δ̂ϑ = J−1
ϑ [−(X ′MZΨ−RnT )− Jαδα]

where

MZ = I − PZ

PZ = Z(Z ′ΦZ)−1ZΦ

Jϑ = (X ′MZΦMZX)

Jα = (X ′MZΦMZY−1)

and

RnT =
1√
NT

N∑
i=1

T∑
t=1

XitfitRit/
√
T + op(1).
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Let [J̄ ′β, J̄
′
γ]
′ be the conformable partition of J−1

ϑ , then

δ̂γ = J̄γ[−(X ′MZΨ−RnT )− Jαδα] (32)

δ̂β = J̄β[−(X ′MZΨ−RnT )− Jαδα]. (33)

The remainder term RnT has a dominant component that comes from the Bahadur rep-

resentation of the η’s. By A1 and A5, we have for a generic constant K

RnT = T−1/4 K√
N

N∑
i=1

Ri0 + op(1).

The analysis of Knight (2001) shows that the summands converge in distribution, that is as

T →∞ the remainder term T 1/4Rit
d→ Ri0, where Ri0 are functionals of Brownian motions

with finite second moment. Therefore, independence of yit, and condition A6 ensure that

the contribution of the remainder is negligible. Thus (32) and (34) simplify to

δ̂γ = J̄γ[−(X ′MZΨ)− Jαδα]

δ̂β = J̄β[−(X ′MZΨ)− Jαδα].

By consistency, wp→ 1

δ̂α = min
δα∈Bn(α(τ))

δ̂γ(δα)
′
Aδ̂γ(δα),

assuming that δ̂
′
γAδ̂γ is continuous in δα, and from the first order condition

δ̂α = −[J ′αJ̄γAJ̄γJα]−1[J ′αJ̄γAJ̄γ(X
′MZΨ)].

Substituting δ̂α back in δβ we obtain

δ̂β = −J̄β[(X ′MZΨ)− Jα[J ′αJ̄γAJ̄γJα]−1J ′αJ̄γAJ̄γ(X
′MZΨ)]

= −J̄β[(I − Jα[J ′αJ̄γAJ̄γJα]−1J ′αJ̄γAJ̄γ)(X
′MZΨ)].

It is also important to analyze δ̂γ. Thus, replacing δ̂α in δγ

δ̂γ = −J̄γ[(X
′MZΨ)− Jα[J ′αJ̄γAJ̄γJα]−1J ′αJ̄γAJ̄γ(X

′MZΨ)]

= −J̄γ[(I − Jα[J ′αJ̄γAJ̄γJα]−1J ′αJ̄γAJ̄γ)(X
′MZΨ)].

By condition A3, using the fact that J̄γJα is invertible

δ̂γ = 0 +Op(1) + op(1).
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Now, noticing that Ψ
d→ N(0, S), neglecting the remainder term, and using the definition

of δα and δβ we have

√
NT (θ̂ − θ)

d→ N(0,Ω), Ω = (K ′, L′)′S(K ′, L′)

where V = [W ′,MZ ], S = τ(1 − τ)E[V V ′], K = (J ′αHJα)−1JαH, H = J̄ ′γA[α(τ)]J̄γ, L =

J̄βM , M = I − JαK.

B Appendix 2

Household i chooses current consumption expenditure, cit, to solve

max
{cit}∞t=0

E

[
∞∑

s=0

βsu (cit − αcit−1;ψit)

]

s.t =

{
ait+1 = rit+1(ait + yit − cit)

given ai0 ,

such that ait, yit and cit are wealth, income, and consumption respectively. Since ψit is

only “taste-shifter” we will omit it for simplification reasons. The Bellman equation can be

written as

V (ait, cit−1) = max
cit,ait+1

{u(cit − αcit−1) + βEt[V (ait+1, cit)]}.

From first order condition

u′(cit − αcit−1) + βEt[V2(ait+1, cit)] = βEt[V1(ait+1, cit)rit+1]. (34)

By envelope theorem

V1(ait, cit−1)] = βEt[V1(ait+1, cit)rit+1] (35)

V2(ait, cit−1)] = u′(cit − αcit−1)(−α). (36)

Combining (34), (35), and (36)

u′(cit−αcit−1)−αβEt[u
′(cit+1−αcit)] = βEt[u

′(cit+1−αcit)rit+1]−αβ2Et[u
′(cit+2−αcit+1)rit+1].

Therefore

Et[MUit − αβMUit+1] = Et[rit+1βMUit+1 − rit+1αβ
2MUit+2], (37)
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where MUit = u′(cit − αcit−1). Assuming that rit is constant and T is large Dynan (2000)

shows that (37) simplifies to

Et

[
rβ
MUit+1

MUit

]
= 1

using the following utility function

u(cit − αcit−1) = ψit
(cit − αcit−1)

1−ρ

1− ρ
,

we have

rβ
ψit

ψit−1

( cit − αcit−1

cit−1 − αcit−2

)−ρ

= 1 + εit. (38)

Taking natural logarithm of (38) and writing γ0 = 1
ρ
(ln(r) + ln(β))

∆ ln(cit − αcit−1) = γ0 + γ1∆ ln(ψit) + εit.

Finally using the approximation for ∆ ln(cit − αcit−1) with (∆ ln cit − α∆ ln cit−1) we have

equation (18).
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Figure 1: Asymptotic Power for Normal distribution
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Figure 2: Asymptotic Power for t3 distribution
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Figure 3: QRIV results for time non-separability in utility for consumption.
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Figure 4: QRIV results for time non-separability in utility for consumption. Estimates
including race variable in the model.
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